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Uniform elements in N-groups

Tapatee Sahoo, Babushri Srinivas Kedukodi
Harikrishnan Panackal, Venugopala Rao Paruchuri,

Syam Prasad Kuncham

Abstract. A zero-symmetric right nearring N is studied. We study relative essential
ideal and relative uniform ideal in module over a matrix nearring corresponding to those
in N-group (over itself). We explore the properties that show interplay between the
ideals of N-group (act on itself) and N™ (over M, (N)). Finally, we show that the finite
Goldie dimension (f.G.d.) with respect to relative uniform ideal of y N is equal to that
of M, (N)-group N™.

1. Introduction

The concept of uniform dimension in module over a ring generalizes the
notion of dimension in finite dimensional vector space. A module in which
every non-zero submodule is essential is called uniform. Uniform submod-
ules play a significant role to establish various finite dimension conditions in
modules over associative rings [8]. We consider a zero-symmetric right near-
ring N with 1 and let G stands for an N-group (also called as module over
a nearring). In Bhavanari and Kuncham [4], Bhavanari et al. [6], uniform
dimension was generalized N-groups and obtained characterization for an
N-group to have finite Goldie dimension. Matrix nearrings over arbitrary
nearrings were introduced by Meldrum & Van der Walt [9], and the action
of G" (n € Z*) over M,,(N) was defined by Van der Walt [18], when G
is a locally monogenic N-group. However, N" becomes an M, (N )-group,
by natural action. Bhavanari and Kuncham [5] have established the inter
relationship between the ideals of the N-group N and the M, (N)-group
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N™. Tapatee et al. [16] have obtained a one-to-one correspondence be-
tween essential ideals of N-group and those of M, (N)-group N". Tapatee
et al. [13] have explored the generalized prime ideals of N-groups. The
lattice aspects of module analogue, particularly, combinatorial properties of
superfluous elements in a lattice were studied by Tapatee et al. [14]. Su-
perfluous submodules are the dualization concept of essential submodules.
In Tapatee et al. [15, 17, 11], several properties of matrix nearrings over
arbitrary nearrings were explored.

In this paper, we consider N, the direct sum of n copies of the group
(N,+) and 1 € N. We define relative essential ideal and relative uniform
ideal in M, (N)-group N, corresponding to those in N-group over itself
(denoted by V). We prove some properties which will interplay between
the ideals of N and the ideals of M, (N)-group N". Finally, we obtain
that the finite Goldie dimension (f.G.d.) with respect to relative uniform
ideals of N is equal to that of M, (NN)-group N".

2. Preliminaries

A (right) nearring (N, 4, ) is an algebraic system [10], where N is additive
group (need not be abelian) and multiplicative semigroup, satisfying only
one distributive axiom, say right: (I + m)n = In 4+ mn for all [,m,n € N.
Evidently, 0a = 0, for all @ € N, but in general a0 # 0 for some a € N.
Wherever m0 = 0, for all m € N we call N is zero-symmetric (denoted by
N = Np). An additive group (G,+) with Og (additive identity) is called
an N-group (denoted by G or simply by G), if there is a function N x G
to G ((a,g) := ag), satisfy: (1) (I+m)g = lg+ mg, (2) (Im)g = l(mg) for
all g in G and [, m in N. We refer to Pilz [10]| for necessary definitions
and notions of nearring. Throughout, N stands for a (right) nearring with
1 which is zero symmetric, /N denotes N-group (act on itself). The ideal
of an N-group G is denoted by ‘<.

From [5], for any u € G, (u) = U Si+1, where Si11 = S;USYUS; with
i=1
So = {u}, and

Sl*:{g‘i‘y_ggeryESZ}?
Si={p—q:pqeSi}U{p+q:pqeSi},

St={n(m+a)—nm:ne€N,mecG,ac S}

(2
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From ([12]), let Hy < G. Then H; is called relative essential (or A-
essential), if there is an ideal A # G with Hy € A, for Hy I G, Hy N Hy C
A implies Hy € A. We denote it by H; <} G, we say that H; is A-essential
in G. Further, G is called A-uniform (or uniform with respect to A) if for
each K <G, K ¢ A, then K <4 G.

An ideal H; of G is called A-uniform if whenever Hy <G, Hy € A and
Hy C Hy, we have Hy <{ G.

3. Uniform elements

For § € G, we define J-uniform element, J-linearly independent element,
and provide some properties.

Proposition 3.1. Let I <G and A # G be an ideal of G. I is uniform
with respect to A if and only if for any ideals Hy, Hy contained in I such
that Hy N Hy C A implies Hi C A or Hy C A.

Proof. Suppose that I is A-uniform. Let Hi, Hy < G such that Hy C I,
Hy C I, and Hy N Hy € A. Assume that H; € A. Since I is A-uniform,
and Hy C I, we have Hy <{ I, and since H1 N Hy C A, we get Hy C A.
On the other hand, let J <G with J C I and J € A. To prove J <4 I,
let K < G contained in I such that J N K C A. Since J SZ A, by the
converse hypothesis, we have K C A. Therefore, J <4 I. O

Example 3.2. Let N = (Z,+,-) and G = (Zg X Z3,+). Then G is an
N-group. Take A = Zg x (0), an ideal of yG. Then the ideal (2) x Z3 is
A-uniform, but not uniform, as the ideals (4) x (0), (4) x Z3 C (2) x Zs
such that (4) x (0) N (4) x Zs = (0) x (0), but (4) x (0) # (0) x (0) and
(4) x Z3 # (0) x (0).

Proposition 3.3. Let I, J be ideals of G and A proper ideal of G. If I C J

and J is uniform with respect to A, then so is I.

Proof. Suppose Hy, Hy < G such that Hy C I,Hs C I and Hy N Hy C A.
Since I C J, we have Hy C J, Hy C J. Now since J is A-uniform, it follows
that Hy C A or Hy C A. Hence I is A-uniform. O

Definition 3.4. Let A be a proper ideal of G. We say that {I; : I; IG}ier

is A-direct if I; N (Z I;) CA.
J#i
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Definition 3.5. Let § € G. An element 0 # g € G is called a nd-uniform
element (briefly, 0-u-element) if (u) is a (d)-uniform ideal of G.

Definition 3.6. Let X C G and A be a proper ideal in G. Then X is called
A-linearly independent (denoted by, A-1.i.) if Z<a> is A-direct. Further,
acX
for any 6 € G, the set {a;}]"; in G is said to be Li. with respect to ‘¢’, if
n

Z(ai) is (0)-direct.

i=1

Proposition 3.7. Let H, A (proper) be ideals of G. H is A-uniform if and
only if for all 0 # z,y € H\ A, (z) N (y) € A.

Proof. Let H be A-uniform. Let 0 # z,y € H \ A. Then clearly, (z), (y)
are ideals of G contained in H. On the contrary, suppose (z) N (y) C
Since H is A-uniform, either (z) C A or (y) C A. Then =z € (z) C A or
y € (y) C A, a contradiction. Hence, (z) N (y) € A.

Conversely, suppose Hi, Hy < G such that Hy C H, Ho, C H and Hy N
Hy; C A. In order to prove that H is A-uniform, we need to show that
H; C Aor Hy CA. On a contrary, let H; ¢ A, Hy ¢ A. Then there exists
0#x€ H \AO0#y e Hy\ A such that (z) N (y) € A, which means,
HiNHy ¢ A, a contradiction. O

Definition 3.8. An N-group G has finite Goldie dimension with respect
to a proper ideal A of G (we denote as A-f.G.d.), if G does not contain
infinite number of ideals H; ¢ A, such that the sum is A-direct.

Proposition 3.9. Let A be a proper ideal of G, and G is A-uniform. Then
any finite intersection of A-essential ideals of G is A-essential in G, and
converse also holds.

n
Proof. Let {H;}" ; be a family of A-essential ideals of G. Write H = ﬂ H;.

i=1
Clearly H; ¢ A for each i, and since G is A-uniform, H ¢ A. To prove
H is A-essential, we use the induction on the number n of A-essential
ideals. Suppose that n = 2. Let L <G with H ¢ A, HNL C A. Then
(HiNHy)NL C A, implies Hi N (Ho N L) C A. Since H; <4 G and
HyNL <G with Hy N L C A. Again, since Hy <§ G and Hy € A, we
get L C A. Therefore the statement is true for n = 2. We assume the
induction hypothesis for (n — 1) ideals {H;}?~' of G. Let L <G such that
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n n—1
ﬂ )NLCAand HE A, Then, (| HiNHy,) NLC A That is,

=1
n—1 n—1

mHﬂHﬁL)CA Since H & ﬂH and H € A, WehaveﬂH Z A,

=1
hence by induction hypothesis, 1t follows that H, N L C A. Now since

H, <4 G, LIG, we have L C A, Wthh shows that H <e G.

Conversely, suppose that H = ﬂ H; <{\ G. Since ﬂ H; ¢ A, we get

=1 =1
H; ¢ A, for all i. To show H; <§ G for every i, 1 <i < n, let L <G with

H,NLCA. Now HNL C H; ﬂL C A and since H <} G, it follows that
L C A. Since H; (1 < i< n), are arbitrary, we conclude that H; <{ G for
every 1. O

Lemma 3.10. Let G be an N-group with A-f.G.d. Then every ideal K of
G, which is not contained in A, contains an ideal, uniform with respect to

A.

Proof. Suppose that G has A-f.G.d. On the contrary, suppose H < G,
K ¢ A, and it does not contain a strictly A-uniform ideal. Then K is not
strictly A-uniform. So there exist K1, K| <G, K1, K] C K,and K1, K| € A
such that K1 N K{ C A, K; + K; € H. Then by supposition K] is not
strictly A-uniform, which implies that there exist ideals Ko, K/ contained
in K| and Ky, K} ¢ A such that Ko N K) C A, Ky + K C K{. If we
continue, then we get {K;}7°, {K/}7° of two infinite sequences of ideals of
G, not contained in A such that K; N K] C A and K; + K] C K/_,, for
i > 2. Thus, the sum ) ;2 K; is infinite A-direct, a contradiction that G
has A-f.G.d. O

Lemma 3.11. Suppose G has (6)-f.G.d. for some § € G. If HG, H Z

(0), then H contains a d-uniform element in G.

Proof. Let H ¢ (§) and H < G. Since G has (§)-f.G.d., by Lemma 3.10,
there exists an ideal I C H, which is a (§)-uniform. Since I not contained
in (0), there is an element = € I such that x ¢ (§). Now (z) C I and I is
(0)-uniform, by Proposition 3.3, we have (x) is (§)-uniform. Therefore, z is
d-uniform element where x # 4. O

Note 3.1. Let A # G be an ideal of G. If G has A-f.G.d., then G contains
{H; C A}, of A-uniform ideals such that their sum is dlrect and essential
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with respect to A in G (in this case, we denote as H1&- - -@® H, <4 G). The
integer ‘n’ is independent of A-uniform ideals, called the relative dimension
of G with respect to A, and we write dima(G) = n.

Lemma 3.12. Let A <G be proper and I QG. If A C J is the maximal
among the ideals of G with INJ C A, then I & J <{ G.

Proof. 1t is sufficient to show the A-essentiality. Suppose K < G such that
(I+J)NnK CA. To show, K C A, first we show that I N (J + K) C A.
Let a € IN(J+ K). Then a =b+d, for somea € I, b€ Jand d € K,
impliesa —b=d € K C Jand b € J, impliesa = (a —b) +b € J, so
INJ CA. Therefore, IN(J+ K) C A. Now by maximality of J, we have
J+ K = J, shows that K C J C I+ J. Hence, K = (I +J)NK C A,
shows that I & J <{ G. O

4. Uniform elements in M, (N)-group N"

Let N™ denotes the n-copies of (n,+). Fora € N, i;(a) = (0,---, a ,---,0),
,L'th
and mj(a1,- - ,a,) = aj, for any (a1, ,a,) € N™ represent i*" injective

and j' projective maps respectively. The set of n x n-matrices over N,
is My, (N), which is a subnearring of M(N"), generated by {f/; : N" —
N"™:r € N,1 <4,j < n} where fl; (ur,--- ,up) = (s1,82,-+,s,) with
s; = ruj and sp = 0 if k # i. Clearly, f; = i;f"m;, where f" : N — N,
r € N by f"(x) = rz, for all x € N. For any ideal Z of N™, we denote
Z.x ={a € N :a=mj;A, forsome AeZ, 1<j<n}, where m; is the gt
projection map.

In this section, we denote [.i. for linearly independent element and
u — [.1. for uniform linearly independent element.

Lemma 4.1. [5] Let T be an ideal of N". Then
Ziw ={a € N:(a,0,---,0) € Z}.

Proposition 4.2. [5] Suppose L is a subset of N. Then L is an ideal of N
if and only if L™ is an ideal of N™.

Theorem 4.3. [5| For any a € N, (a)" = {(a,0,---,0)).

Proposition 4.4. Let I, J and A (proper) be ideals of N.
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(¢7) I CJin NyN if and only if I" C J™ in My (N)-group N™.
(5) INJ CAvin yN if and only if (INJ)" C A" in My(N)-group N™.
Proof. (i). Take p = (z1,--- ,xp) € I"™. Then

p:(xlvvmn): %11(171771)+f2x22(171771)++ gﬁ(l,l,,l)
=i+ + -+ L)AL 1)
:Ap1€fn.

This implies m;(Ap1) € I C J, for all i, 1 < i < n. Therefore, Ap; € J".
Hence, p € J™.

Conversely, let 1 € I. Then (z1,---,0) € I"™ C J", implies that
x1 € (J")w = J, by Proposition 4.2.

(73) Assume that I NJ C A. Let p = (1, - ,2,) € (INJ)". Then
there exist A € My,(N) and p; € N" such that p = Ap; € (I NJ)"
This implies m;(Ap1) € INJ C A, for all .. Now, Ap; = (21, ,x,) =
Z(O,--' , Ti ,-+,0) € A" shows that (I NJ)" C A"

Conversely, assume that (IN.J)" C A", Let z € INJ. Then f7(1,---,1)
=(0,---, x ,---,00e (INnJ)". Take A = f% and p; = (1,---,1). Then

ij

ith
Apre(InJ)"CA" Thus, v =m(0,---, z ,---,0)=m(Ap1) € A. O
ith

Lemma 4.5. [5] If T is an ideal of N, then (Z,,)" = T.
Remark 4.6. [5] Suppose K, L are ideals of N. Then (KNL)" = K"NL".
Proposition 4.7. Let 6,11, ,lx € yN. Then

(1) g S NN is d-uniform if and only if (g,0,...,0) € Moy 8 (0,0,...,0)-
uniform.

(1) li,- -, are 6-Li. in N if and only if (11,0,---,0), (I2,0,---,0),-- -,
(lg,0,-+-,0) are (8, ,0)-L.i. in M,(N)-group N™.

(4i1) Ly, -+l are d-u-li. in N if and only if (11,0,---,0), (l2,0,---,0),
o, (lg,0,-+-,0) are (6,0, -+ ,0)-u-li. element in M, (N)-group N™.
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Proof. (i). Suppose that g is d-uniform. On a contrary, let (g,0,...,0) is
not (4,0, ...,0)-uniform in M, (N)-group N™. That is, {(g,0,...,0)) is not
a ((6,0,...,0))-uniform ideal in N™. Then there exist Z, J < N" such that
7,7 € ((,0,...,0)) and Z,J C ((g,0,...,0)), ZNT C ((4,0,...,0)). Now by
Lemma 4.5, ZN J C ((4,0, ...,0)), implies (Zyx)™ N (Tws)™ C ((6,0,...,0)).
By Remark 4.6 and Theorem 4.3, we get (Z.x N Jix)™ C (

(6Y", implies Zu, N o C (8). Since Z, 7 C {(g,0, ...,0)) = (g)",

(Ze)™ S ()", (Fax)™ € (g)". This implies Lo € (g), T C (g). Also,
since Z,J € ((6,0,...,0))= (6)", we get L € (0), Tx € (d), whereas

Zix N T C (0), a contradiction.
k

(41) Suppose that {I;}¥_, is 6-1i. elements of N. Then ZU’) is (0)-direct <

i=1
k k k
()N (D) S @) & [ n (D))" <"« [ n (Y _)"] <
i#] i#] i#]
k k
(6)™. Therefore, Y ~(I;)" is (8)"-direct. Thus » ((1;,0,---,0))is ((5,0,--- ,0))-
direct. = =
(731) Suppose that Iy, -, i are 6-u-1.i elements in yN. Then ly,--- ,[; are
0-Li elements and each l;’s are J-uniform. By (i3), (11,0,---,0), (I2,0,---,0),
<+, (lg,0,---,0) are (6,0, - -+ ,0)-Li. elements, and by (7) these elements are
(6,0, -+ ,0)-uniform in M, (N)-group N™. Thus, (I1,0,---,0), (l2,0,---,0),
<, (g, 0,---,0) are (6,0,---,0)-u-li. element in M,(N)-group N*. [

Theorem 4.8. If A is A-essential ideal of an N-group over itself, then A™
is A"-essential in M, (N)-group N™. Moreover, the A-f.G.d. of N over
itself is same as A"-f.G.d. of My(N)-group N™.

Proof, Suppose Z < G such that A" NZ C A™. Now, Z = (Z.)™. Then by
Remark 4.6, (ANZ.)"™ C A", and by Proposition 4.4(i), ANZ.. C A. Since
A <4\ N, we get Z,, € A. Hence, T = (Z,4)" C A", which shows that A"
is A™-essential in M, (N )-group N™. Suppose yN has A-f.G.d. and A-dim
NN =n. Then there exist Z; (1 < i< n) 51 A such that @Z; <4 N. Since
Z; ¢ A, by Proposition 4.4, we have Z" ¢ A", for all ¢ (1 < ¢ < n) and
since @Z; <4 N, it follows that @I} is A™-essential in M, (IN)-group N".
Therefore, A"-f.G.d. of M, (N)-group N™ is n. O
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