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Duality for bounded distributive hyperlattice

negatively ordered commutative monoids

Imane Douadi, | Ali Oumhani| and Abdelaziz Amroune

Abstract. The aim of this paper is to prove the Priestley representation theorem for
bounded distributive lattices in the framework of bounded distributive hyperlattice neg-
atively ordered commutative monoids. In this way, some results of Priestley’s work
are extended. In particular, we show that the dual of the category of Priestley spaces
negatively ordered commutative semigroups is equivalent to the category of bounded

distributive hyperattice negatively ordered commutative monoids.

1. Introduction

The idea of hyperstructures was first introduced by the French mathemati-
cian Frédéric Marty, in 1934, with the publication of the paper “Sur une
généralisation de la notion de groupe” at the 8" Congress of Scandinavian
Mathematicians [20]. In this paper, Marty introduces the notion of hyper-
groups (or multigroups) from the analysis of their properties. However, due
to his early death, Marty published only two papers related to his concept
of hypergroups.

An operation is a relation that manipulates elements of a set and returns
a value that is in another set. A hyperoperation is a generalization of an
operation when it returns a set of values instead of a single value. The class
of structures consisting by a set and at least one hyperoperation is called
an algebraic hyperstructure. Hyperalgebras are a kind of hyperstructures
as well as hypergroups, hyperrings, hyperlattices and so on. The hyper-
structures theory has been studied from many points of view and applied
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to several areas of mathematics, computer science and logic. In the field
of the logic, multialgebras have been used as semantics for logical systems.
Recently, matrix semantics based on multialgebras have been considered
by Arnon Avron and his collaborators under the name of non-deterministic
matrices (or Nmatrices) and used them to characterize logics, in particular,
some paraconsistent logics in the class of Logics of Formal Inconsistency —
LFIs (see for instance [4]), for more detail see [15]. Some applications can
also be found in e.g. [8, 9, 11].

It is now a well-established branch of algebraic theory and has been used
in various fields by many authors see, for example, [1, 2, 18, 19, 25, 26, 27|
and books e.g. |10, 30].

The development of new results and concepts in the theory of hyper-
algebras requires a careful survey of what has already been done in the
literature on the subject and this task is not very easy due to the differ-
ent approaches proposed in the literature to treat the same concept. For
example, the hyperlattice, that is a lattice with hyperoperations, has been
introduced by M. Benado under the name of multistructure [5], by J. Mor-
gado [21] as reticuloide, and most of the authors use the terms hyperlattice
or multilattice, for additional specifics see also [15] .

Koguep et al. [18], KonstantinidouMittas [19], respectively, introduced
the notion of hyperlattices and studied ideals and filters in these structures.
Prime ideals and prime filters in hyperlattices have been examined and
studied by R. Ameri et al. [2]. Rasouli and Davvaz defined and gave
a fundamental relation on a hyperlattice and obtained a lattice from a
hyperlattice. Furthermore, they defined a topology on the set of prime
ideals of a distributive hyperlattice [26, 27].

In 1937, the representation theorems that appeared by M. Stone [29]
were proved that every Boolean algebra is isomorphic to a set of {I, : a € A}
(where I, denotes the set of prime ideals of A not containing a). Since
then, the representation theorem for distributive lattices has known a vast
development. Birkhoff in [6]; asserts that any finite distributive lattice L
is isomorphic to the lattice of the ideals of the partial order of the join-
irreducible elements of L.

H. Priestley improved a kind of duality for bounded distributive lattices
in the papers [23, 24]. These representation theorems enable a deep and
concrete comprehension of the lattices as well as their structures. Topologi-
cal duality for Boolean algebras [29] and distributive lattices [28] is a useful
tools for studying relational semantics for propositional logic. Canonical
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extensions [12, 13, 14, 16, 17], provide a way of looking at these semantics
algebraically. Our motivation finds its place in the following opinion:

"Stone’s duality and its variants are central in making the link between
syntactical and semantic approaches to logic, also in theoretical computer
science, this link is central as the two sides correspond to specification lan-
guages and the space of computational states. This ability to translate
faithfully between algebraic specification and spatial dynamics have often
proven themselves to be a powerful theoretical tool as well as a handle for
making practical problems decidable" see [14].

In this paper, we develop a representation theory for bounded distribu-
tive hyperlattice negatively ordered commutative monoids. In this way, we
extend some results of [3, 23, 24|, exactly, we give a representation theo-
rem for bounded distributive hyperlattices negatively ordered commutative
monoids.

This paper is organized as follows: In the next section, basic definitions
and notions are presented. In the third section, we give and prove the main
result. More precisely, we show that the dual of the category Priestley spaces
negatively ordered commutative semigroups is equivalent to the category of
bounded distributive hyperattice negatively ordered commutative monoids.
Finally, we give some examples.

2. Basic concepts

In this section, we present several hyperlattice results that will help us build
our study. Further information can be found in [1, 2, 3, 18, 19, 25, 26, 27|.

Let A be a nonempty set. A partially ordered semigroup is a structure
(A, -, <) satisfies the following condition: (i) (4, -) is a semigroup; (ii) (4, <)
is a partially ordered set; (iii) for all a,b,z € A, a < b implies a-x < b-x
and r-a < x-b. A partially ordered semigroup is said to be positively
(negatively) orderedif r < zx-yandy <z -y (x-y <z and z-y < y) for all
x,y € A.

Let (L, <) be a partially ordered set (poset). A subset F of L is said to
be increasing (decreasing) if, whenever x € F, y € Land z <y (y < ), we
have y € F.

Let L be a nonempty set and P*(L) denotes the set of all nonempty
subsets of L. Maps h: L x L — P*(L), are called hyperoperations [20].

Let L be a nonempty set, A be a binary operation and LI be a hyper-
operation on L. L is called a hyperlattice if for all a,b,c € L the following
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conditions hold: (i) a € alUa, and a Aa = a; (ii) aUb = bUa, and
aNb=>bAa; (iii) a € [aA(aUb)]N]aU(aAD)]; (iv) al(bUc) = (alb) Ue,
and a A (bAc)=(aAb)Ac; (V) a€alb=aANb=0.

A hyperlattice L with the property a A (bUc¢) C (a Ab) U (a Ac) is
called distributive, where for all nonempty subsets A and B of L we define
ANB={aNb|lac Ajbe B} and AUB=U{aUb|a€ Abec B}.

The converse of condition (v) is true. Indeed using (iii), we obtain
a € aUb by taking b = a A'b. Hence, we can define a partial order on L by:
a<b&sbealbsaNb=a.

A hyperlattice L is called bounded if there exist 0,1 € L such that for
alla € L, 0 < a < 1. We say that 0 is the least element and 1 is the greatest
element.

Consider a lattice (L, A, V). We define the Nakano hyperoperation L on
LbyzUy={z€L|zVe=zVy=uxVy}, forall z,y € L. To the best
of our knowledge, the LI hyperoperation was first introduced by Nakano in
[22], which is an investigation of hyperrings. A non-empty subset I of a
hyperlattice L is called a hyperlattice ideal if the following conditions hold:
(ifrel ,y<xandy€ L,theny € [; (ii)if x,y € [, thenx Uy C . A
non-empty subset F' of a hyperlattice L is called a hyperlattice filter if the
following conditions hold:(i) if z € F, z < y and y € L, then y € F;(ii) if
x,y € F, then x Ay € F. A hyperlattice ideal or filter is called proper if it
does not coincide with L.

2.1. A hyperlattice negatively ordered commutative monoids

In this subsection, we recall the notions of hyperlattice negatively ordered
commutative monoid and we give some examples of this algebraic structure.

Definition 2.1. Let L be a non-empty set, A, (-) are binary operations
and Ll is a hyperoperation on L. L is called bounded hyperlattice ordered
commutative monoid if the following conditions hold:

(1) (L, A,U) is a hyperlattice;
(i) (L,-,e) is a commutative monoid,;
(7i1) for alla,b,c € L:a-(bAc) < (a-b)A(a-c)and a-(blc) C (a-b)U(a-c).

The condition (i7i) implies that for all a,b,c € L:a<b=a-c<b-c.
A hyperlatttice ordered commutative monoid L with the property a A
(bUec) C (anb)U(aAc) is called distributive. Also, a hyperlattice ordered
commutative monoid L is called bounded if there exist 0,1 € L such that
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forall a € L, 0 < a < 1. We say that 0 is the least element and 1 is the
greatest element, and if (L, A, L, +,0,1) is a bounded hyperlattice positively
(negatively) ordered commutative monoid then e =0 (e = 1).

Example 2.2. Let A ={0,a,b,¢,1} such that 0 <a <b< ¢ <1 and

-1 0]al|b|c|1
0/0|al|b|lc]|1
alal|blc|1]0
blb|lc|1|0]a
cle|1]0|albd
1|11(0|al|b|c

(A,<,0,1) is a bounded distributive lattice. Define on A the hyperop-
eration U by zUy ={t € A|t>x Vy}. Then (A,A,L,-,0,1)is a bounded
distributive hyperlattice ordered commutative monoid.

Lemma 2.3. Let (L,A,V,0,1) be a bounded distributive lattice. Then

(1) (L,A,U,-,0,1) is a bounded distributive hyperlattice positively or-
dered commutative monoid where the opretions U and - are given by
alb={xe€L|aVvb=aVz=>bVuz}

0 b— aVb ifa=0 orb=0;
1 otherwise.
foralla, b e L.

(#3) (L,A,U,-,0,1) is a bounded distributive hyperlattice negatively or-
dered commutative monoid where the opretions U and - are given by
alb={xe€L|aVb=aVz=>bVuz},

0 b— anNb ifa=1orb=1;
10 otherwise.
foralla, b e L.

(#ii) (L,A,U,-,0,1) is a bounded distributive hyperlattice positively or-
dered commutative monoid where the opretions U and - are given by
alb={zeL|x>aVb},

0 b— aVvVb ifa=0o0rb=0;
11 otherwise.
foralla, b e L.

Proof. The proof is straightforward. O
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Lemma 2.4. Assume that U be the boolean algebra {0,1}. Then (U, A, L, .,0,1)
1s a bounded distributive hyperlattice negatively ordered commutative monoid,
where

ATO1 ojo J1 01
0]0 0 | {0} | {1} and 00
101 1 [ {1} | {0, 1} 1[0]1

2.2. Ideals and filters

In this subsection, we give the notions of ideals and filters in hyperlattice
negatively ordered commutative monoid.

Definition 2.5. Let (L,A, L, ) be a hyperlattice ordered commutative
monoid. A non-empty subset I of L is called an ideal if it hold

(i) zel,yz=yel;

(i) zye I =20y C I,

(i) zeloryel =x-ye€l;

for every x,y € L.
A proper ideal I is called a prime ideal if (iv) z Ay € [ = (x € I or
yel)and (v)z-ye€l = (xe€loryel)forall z,y€ L.
Definition 2.6. Let (L,A, L, ) be a hyperlattice ordered commutative
monoid. A non-empty subset F' of L is called a filter if it hold
(i) zeF,x<y=yeF,
(i) z,ye F=x Ay € F,
(ili) z,ye F =z -y € F;
for every x,y € L.
A proper filter F is called a prime filter if (iv) (zUy)NF #0 = (x € F
oryeF); (v)z-ye F=(xeForyekF).

Theorem 2.7. 2] Let (L,A,U) be a hyperlattice. If I is a prime ideal of
L, then L — I is a prime filter of L. Similarly, if F is a prime filter of L,
then L — F' is a prime ideal of L.

The following theorem shows that the complement of a prime filter
(ideal) is a prime ideal (filter).
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Theorem 2.8. Let (L,A\,U,-) be a hyperlattice negatively ordered commu-
tative monoid. If I is a prime ideal of L, then L — I is a prime filter of L.
Stmilarly, if F' is a prime filter of L, then L — F' is a prime ideal of L.

Proof. First, we prove that L — I is a prime filter of L. Let x € L—1,y € L
such that z < y, we show that y € L — I. It is clear that x ¢ I. Suppose
yé¢ L—1,soy € l. Wehave z < y and I is an ideal, therefore z € T
that is a contradiction. So y € L — I. Assume z,y € L — I. We show that
xANyeL—1I Ttisclearthat z,y ¢ I . lfx Ay € I, thenx € lory el
because I is a prime ideal, which is a contradiction, so x Ay € L — I. Let
x,y € L —I. We show that -y € L — I. Since L is negatively ordered
it is clear that z,y ¢ I. If x -y € I, then x € I or y € I because I is a
prime ideal, which is a contradiction, so z -y € L — I. Hence, L — I is a
filter. It is enough to show that L — I is a prime filter. Suppose z,y € L
and (xUy)N(L—1)# 0. So there exists z € L such that z € z Uy and
ze L—1I. Ifx,y¢ L—1I, then z,y € I, therefore z Uy C I because I is an
ideal. Hence (xUy)N (L —1I) = (), which is a contradiction. So x € L—1 or
yeL—1I Letx,ye L,suchthatx-ye L—1. Ife ¢ L—Tandy ¢ L—1,
then z € I and y € I. Since [ is an ideal, x -y € I. So x -y ¢ L — I, which
is a contradiction. Sox € L —IT ory € L —I. Thus L — I is a prime filter.
Similarly, we prove that if F' is a prime filter if and only if L — F' is a prime
ideal of L. O

Proposition 2.9. [3] Let S be a non-empty subset of a hyperlattice or-
dered commutative monoid (L, \,U, ), then the smallest hyperlattice filter
containing S has the form

(S)y={xeL|arN..Nay, <z, for some ai,..,an, € S}.
If S = {a}, we write (S) =t a={z € L|a < z}.

Proposition 2.10. If § is a hyperlattice filter of a distributive hyperlat-
tice negatively ordered commutative monoid (L,A\,U,-), then the smallest
hyperlattice ordered commutative monoid filter containing § has the form

0)={x€L|aj-..-an <z, for someay,..,a, € }.

Proof. First, we prove that [0) is non-empty. Let a € 0, since a < a, then
a € [0), hence [0) # 0. To prove that [§) is a filter, let € [0) and y € L such
that z < y, then aq-...-a, <z < y,s0y € [0) . On the other hand, for every
x,y € [d), there exist a1, ag, ..., an, b1, ba, ..., by, such that aj -ag - ... a, < x
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and by by - ... - by, <y. Then (ag - ... ap) A (by-ba- ... - by) <z Ay. Since
L is negatively ordered so, z Ay € [§). Now let z,y € [0), then there exist

a1,a9, ..., 0y, b1, b, ..., by, such that a1 -ag-...-a, <x and by - by - ... - by, <
Yy, 80 (a1 -ag-...-ap) -y < xz-yand (ag-ag-...-ap) - (b -ba-...-by) <
(a1 -ag-...-ap)y. Then, (aj - ag - ... - ap)-(by - ba - ... - by,) < z-y. Therefore,
x-y € [d).

Next, let a € ¢, since a < a, we have a € [§). Then 6 C [9).
Finally, suppose that F' is a filter with § C F. Then for any = € [4),

then there exist aq,as,..,a, € § such that aj - ... -a, < z, then x € F.
Therefore [0) C F. O

Theorem 2.11. Let (L, A\,L,-) be a distributive hyperlattice negatively or-
dered commutative monoid, F be a filter and I be an ideal of L. If FNI = (),
then there is a prime filter P such that F C P and PN I = (.

Proof. For the condition (aUb) NP # (), then a € P or b € P see |[3].
Suppose that a - b € P, since L be a distributive hyperlattice negatively
ordered commutative monoid then, a € P and b € P. ]

Corollary 2.12. Let (L,A,L,-) be a distributive hyperlattice negatively or-
dered commutative monoid. If I is an ideal and a € L — 1, then there exists
a prime filter P such that a € P and PN 1T = ().

Proof. Let I be an ideal and take F ={x € L—1|a-...-a < z}, it follows
FnNI=0. It is easy to show that F is a filter. By Theorem 2.11, there is
a prime filter P such that ¥ C P and PN 1 = (. O

2.3. Hyperlattice ordered monoid homomorphisms

In this subsection, we introduce the notion of hyperlattice ordered commu-
tative monoid homomorphism, and we give some properties of them that
we needed in the sequel.

Definition 2.13. Let (L, A, U, ) and (L', A,U,®) be two hyperlattice or-
dered commutative monoids and f : L — L’ be a mapping. f is said to
be a hyperlattice ordered commutative monoid homomorphism if f(x Ay) =
F(@) A f(y), flaly) € F@)Uf(y) and f(z-y) < f(2)Of(y), for all 2,y € L.
If f is a bijection, then f is said to be a hyperlattice ordered commutative
monoid isomorphism.
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Proposition 2.14. Let (L, \,U, ®) be the hyperlattice ordered commutative
monoid, ({0,1},A,U,+,0,1) be the bounded hyperlattice negatively ordered
commutative monoid in Lemma 2.4 and F be a subset of L. If F' is a prime
filter, then there is a surjective hyperlattices negatively ordered commutative
monoid homomorphism f : L — {0,1}, such that F = f~1({1}).

Proof. Set f(X)=1if X CF , and f(X) = 0 otherwise.

For the conditions f(x Ay) = f(z) A f(y) and f(xzUy) C f(z)U f(y)
see [3].

For the third homomorphism axiom, we have f(x)-f(y) =1 < (f(z) =1
and f(y)=1) e (re€ Fandye F)ero0ye F & f(xr®y) =1. Hence,
f@)- fly) = fzOy). O

Corollary 2.15. Let L be a distributive hyperlattice negatively ordered com-
mutative monoid. If a,b € L are such that a £ b there is a prime filter F
such that a ¢ F and b € F.

Proof. Taking | b in Corollary 2.12, which is an ideal of a distributive
hyperlattice negatively ordered commutative monoid and a ¢ b. O

3. Priestley-style topological representation theorem

An ordered topological space is a triple (X, 7, <) such that (X, 7) is a topo-
logical space and (X, <) is a poset. A clopen set in a topological space is a
set which is both open and closed. The ordered topological space is said to
be totally disconnected if for every z,y € X such that z £ y there exists an
increasing 7-clopen U and a decreasing 7-clopen V such that U NV = ¢,
with x € U and y € V. A Priestley space is a compact totally disconnected
ordered topological space.

Definition 3.1. [3] If (A, A,U,0,1) is a bounded distributive hyperlattice,
then its dual space is defined to be T'(A) = (X, 7, <), where X is the set of
all homomorphisms from A onto ({0,1},A,LJ,0,1) preserving 0 and 1 and
< is the partial order defined by f < g in X if and only if f(a) < g(a) for
all a € A, 7 the product topology induced from that of {O.l}A :

Proposition 3.2. [3] If (A, A,U,0,1) is a bounded distributive hyperlattice,
then its dual space T(A) = (X, 7,<) is a Priestley space.

Inspired by the notion of Priestley spaces (see, [23, 24]), in the following
we give some definitions and properties of Priestley spaces negatively ordered
commutative Semigroups.
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Definition 3.3. A Priestley space negatively ordered commutative semi-
groups is a quadruple (X, ,<,x) such that (X,7,<) is a Priestley space
and (X, <, ) a negatively ordered commutative semigroup.

Definition 3.4. If (A, A, L, -, 0,1) is a bounded distributive hyperlattice neg-
atively ordered commutative monoid, then its dual space is defined to be
T(A) = (X, 1,<,*), where X is the set of all homomorphisms from A onto
({0,1},A,1,.,0,1) preserving 0 and 1 and < is the partial order defined by
f <gin X if and only if f(a) < g(a) for all a € A, 7 the product topology
induced from that of {0, 1}A and x is the semigroup operation defined in X
by

0 otherwise.

() la) = { JOhote) HI@ Va0 =1

for all a € A.

Proposition 3.5. If (E,A,L,+,0,1) is a bounded distributive hyperlattice
negatively ordered commutative monoid, then T(E) = (X, T, <, *) is a Priest-
ley space megatively ordered commutative semigroup.

Proof. Suppose that T'(E) = (X, 7, <, ) is the dual space of (E, A, U, -, 0, 1).
We know that T'(F) = (X, 7, <) is Priestey space see [3], it remains to show
that the binary operation x on X makes (X, <,*) a negatively ordered
commutative semigroup. Indeed, by a routine calculation we can show
that f x ¢ is an homomorphisme. It is clearly that f x g = g x f for all
f,g € X. It is easy to show that (fxg)xh = f*(gxh). So (X,*) is
a commutative semigroup. Clearly that (X, <) is a partially ordered set,
where f < g < f(zr) < g(z) for all x € E. Now, let f,g,h € X with
/< g, then f () < g(x), 50 f () AR (2) < g (2) Ab (2) and h (2) A f (2) <
h(z) A g(x). Hence f < g implies f xh < gxh and hx f < h*g and
(X, %, <) is a partially ordered semigroup, it remains to show that (X, x, <)
is negatively ordered i.e., f xg < f and f x g < g, which is direct, indeed,
(fx9)(z) = f(5) Ag(x) < f(x), hence fxg < f and (fxg)(x) =
f@)Ng(x) <g(z), hence fxg < g. And T(F) = (X, 7,<,*) is a Priestley
space negatively ordered commutative semigroup. O

In the following, we give a definition of Priestley space negatively ordered
commutative semigroup homomorphism.

Definition 3.6. Let (X, 7, <, %) and (X', 7/, X, ®) be two a Priestley spaces
negatively ordered commutative semigroups. Then f : X — X' is called
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1. increasing if for all z,y € X, z <y = f(x) X f(y) .

2. a Priestley space negatively ordered commutative semigroup homomor-
phism if is increasing, continuous and for all z,y € X, f(z xy) <

flz)® f(y).

If f is a bijection, then f is said to be a Priestley space negatively ordered
commutative semigroup isomorphism.

In what follows, we will give necessary conditions that the dual of a
Priestley space negatively ordered commutative semigroup be a bounded dis-
tributive hyperlattice negatively ordered commutative monoid.

Lemma 3.7. Let § = (X, 7,<,%) be a Priestley space negatively ordered
commutative semigroup, then there exist a binary hyperoperation U and a
binary operation @ such that (L(5),N,U,®,0, X) is a bounded distributive
hyperlattice negatively ordered commutative monoid, where

L(6) ={Y C X | Y is increasing and T-clopen}
and U, ® are defined by

AUB={X€eL(§)|AUB=AUX =BUX},
AGB— AﬂBZf‘A:XOTB:X;
@ otherwise.

for all A, B € L(6).

Proof. Since (L(6),N,U, 0, X) is a bounded distributive lattice, then we
have (L(d),N,U, 0, X) is a bounded distributive hyperlattice, and by Defi-
nition 2.1 (L(§),N,U, ®, 0, X) is a bounded distributive hyperlattice nega-
tively ordered commutative monoid. O

In the following lemma, we show that the bidual of a bounded distribu-
tive hyperlattice negatively ordered commutative monoid is a bounded dis-
tributive hyperlattice negatively ordered commutative monoid.

Lemma 3.8. Let (E,A,U,-,0,1) be a bounded distributive hyperlattice nega-
tively ordered commutative monoid. Then (L(T'(E)),N,U, ®, ¢, X) a bounded
distributive hyperlattice negatively ordered commutative monoid.

Proof. We have L(T(F)) = {Y C X | Y is increasing and 7-clopen}. L, ®
are defined by AUB={C e L(T(F))|AUB=AUC =BUC},
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ANBif A= X or B=X;

AOB = { ¢ otherwise.

forall A, B € L(T(F)). Hence, by Definition 2.1 (L(T(E)),N,U,®, ¢, X) a
bounded distributive hyperlattice negatively ordered commutative monoid.

O]

Lemma 3.9. Let (E,A,U,-,0,1) be a bounded distributive hyperlattice neg-
atively ordered commutative monoid, then the map pp : E — L(T(FE))
defined by ¢ (a) = {f € X | f(a) = 1} is a hyperlattice negatively ordered
commutative monoid isomorphism.

Proof. Since FE is a hyperlattice then ¢g is an isomorphism of hyperlattices
see [3]. L(T(E)) is hyperlattice negatively ordered commutative monoid by
Lemma 3.8. For the condition pg(a-b) C ¢g(a) © g (b), for alla, be E
and f € X; f € gpla-b) = fa-b) =1 = f(a)f (b) =1 = (f(a) = 1
and f(b) =1) = f € ¢p(a) Nep(b) = f € pr(a) © pp(b). So vp(a-b) C
vr (a) © pg (b) Therefore, pg is a isomorphism of E onto L(T(E)). O

Lemma 3.10. Let f : E1 — E5 be a hyperlattice negatively ordered commu-
tative monoid homomorphism, then the map T(f)(g) : g — go f of T(E2)
onto T'(FE1) is a homomorphism of a Priestley space negatively ordered com-
mutative semigroup.

Proof. Firstly, T (f) is increasing and continuous see [3, 23, 24]. Secondly,
for all g1,92 € T(Eh),

(1) If grof(a=1,then (T'(f)(g1)-T(f)(g2))(a) = g20 f(a), since g1 * g2
< g2, we have T (f) (91)-T () (92) > (91 % 92) © £) (@) = T (£) (91 * g2) (a).

(2) The case g2 o f (a) = 1, similarly to case (1).

(3) It g1 o f(a) = 0 and gy 0 f (a) = 0, then T () (1) - T (f) (92) =
T (f) (91 % g2) (a) = 0.

Hence T'(f) is a Priestley space negatively ordered commutative semi-
group homomorphism. O

Lemma 3.11. Let (P1,7,<, %), (P2, 7, <, ®) be a Priestley space negatively
ordered commutative semigroups and let h : P, — Py be a Priestley space
negatively ordered commutative semigroup homomorphism. Then the map
L(h) : y — h~Y(y) is a homomorphism of L(Ps) onto L(P}).

Proof. Setting L(P,) = {Z C X | Z is increasing and 7-clopen} and
L(Py) = {Z CY | Z is increasing and 7-clopen}. For all y € L(P) we
have L(h)(y) € L(P1). For all y,z € L(P,) since h™! commutes with
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set-theoretical operations we have, L(h)(y N z) = L(h)(y) N L(h)(z) and
L(h)(yU z) € L(h)(y) U L(h)(z) (see [3]).
For the third homomorphism axiom, we have three cases:

(1) if y=Y, then L(h)(y®z)=L(h)(z) = X*L(h)(z)=L(h)(y)* L(h)(2).
(2) if z =Y, similarly to case (1).

(3) fy#Y and z #Y, then L(h)(y ® z) = ¢ C L(h)(y) x L(h)(2).

Hence, L(h) is hyperlattice ordered commutative monoid homomor-
phism. ]

Theorem 3.12. Let f : E1 — FE» be a hyperlattice negatively ordered com-
mutative monoid homomorphism. Then L(T(f)) o ¢p, = ¢g, o f.

Proof. The proof is similar to |7, Lemma 3.11]. O

Lemma 3.13. Let P = (X, 7,<,%) be a Priestley space negatively ordered
commutative semigroup. Then the map wp : P — T(L(P)) defined by

o= {3425

for allY € L(P), is a Priestley space negatively ordered commutative semi-
group isomorphism.

Proof. Since P = (X, 1,<,*) be a Priestley space negatively ordered com-
mutative semigroup, and by Lemma 3.7 L(P) is a bounded distributive hy-
perlattice negatively ordered commutative monoid. By Lemma 3.8 T'(L(P))
is a Priestley space negatively ordered commutative semigroup. 7p is
increasing, continuous and bijective see |3, 23, 24|. Let z,y € X , if
mp(zxy)(Y) =0, then mp(zxy)(Y) < mp(x)(Y) - mp(y)(Y).

If tp(x*xy)(Y) =1, hence x xy € Y, since P = (X, 7, <,x) a Priestley
space negatively ordered commutative semigroup, and Y is increasing 7-
clopen then x € Y and y € Y, it follows that 7p(x)(Y) =1 and 7p(y)(Y) =
Lsomp(z)(Y)mp(y)(Y) = 1, therefore mp(zxy) (V) < mp(x)(Y)-mp(y)(Y).
Then, wp is a Priestley space negatively ordered commutative semigroup
isomorphism. ]

Theorem 3.14. Let h : Pi — P be a Priestley space negatively ordered
commutative semigroup isomorphism. Then T'(L(h)) o mpy = mpg o h.
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Proof. Similarly to [7, Lemma 3.12]. O

In the following result, we give a Priestley duality for a bounded dis-
tributive hyperlattices negatively ordered commutative monoids.

Theorem 3.15. The dual of the category of a Priestley spaces negatively
ordered commutative semigroups is equivalent to the category of bounded
distributive hyperlattices negatively ordered commutative monoids.

Proof. By Lemma 3.9, Lemma 3.13, Theorem 3.12 and Theorem 3.14. [

4. Examples

The following example illustrates the fact that there is a isomorphism be-
tween a bounded hyperlattice negatively commutative monoid and their bid-
ual.

Example 4.1. (D(12),A,V,1,12), where D(12) is the set of positive divi-
sors of 12, so (D(12),A,V,1,12) is a bounded lattice with z Ay and x V y
as the greatest common divisor and the least common multiplier of  and
Y.

Define on D(12) the hyperoperation Ll and the binary operation (-) by:
zUy={2€D(12)|zVe=2zVy=xVy}

x-y—{ c Ay ifxVvy=12,

0 otherwise.

for all z,y € D(12). Then by Lemma 2.3 (i7) (D(12),A,L,-,1,12) is a
bounded hyperlattice negatively commutative monoid. T'(D(12)) is the set
of homomorphisms from D(12) onto {0,1}, hence T'(D(12)) = {f1, fo, f3}
where f1, fa, f3 are given by the table:

DA2) [1]2]3T4]6[12
f1 0/0[0][1]0]1
fa AFRREE
s 0/0[1]0][1]1

Its bidual is L(T(D(12))) = {0, {f2}, {f3}, {f1, f2}, {fo, f3}, X}, where
X ={f1, fa, f3}. Then (L(T(D(12))),N,U,®,0, X) is a bounded distribu-
tive hyperlattice ordered commutative monoid, where
xUy={Ce L(T(D(12))) | AUB=CUA=CUB}
and
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ANB if A=XorB=X,

AOB = { 10} otherwise.

for all A, B € L(T(D(12))). Finally, ¢p(19) : A — L(T(D(12))) is given by
the table:

D(12) 12 [3 |4 6 12
epagy(ai) |i=1t06 | 0| {fo} | {fs} | {fr, o} | {fo, 3} | X

is a bounded distributive hyperlattice ordered commutative monoid isomor-
phism.

The following example shows that there is a isomorphism between a
Priestley space negatively ordered commutative semigroup and its bidual.

Example 4.2. Let (X, 7, <, %) be a Priestley space negatively ordered com-
mutative semigroup, where X = {a,b,¢,d} and a < b < ¢, a <b < dand

*x|lal|b|cl|d
alalalala
blalb|b]|b
cla|b|c|b
dlal|bl|b|d

and L(X) = {¢,{c},{d},{c,d},{b,c,d}, X}, where the hyperoperation LI
is given by:

L 0 {c} {d}
0 0 {c} {d}
{c} {c} {0, {c}} {c,d}
{d} {d} {c, d} {0, {d}}
{e.d} | {cdt | {{d}.{c.,d}} | {{c} {c.d}}
{b,c,d} | {b,c,d} | {b,c,d} {b,c,d}
X X X X
U {e,d} {b,c,d}
0 {c,d} {b,c,d}

{c} {{d} {e,d}} | {b,c,d}
{d} el {e d}} | {b,c.d}
{c,d} {0,{b, c}} {b,c,d}
{b7 S d} {b,c,d} {¢, {c} ) {d} e d} {bc d}}
X X X

S]] ] ] | e e
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and the binary operation ® is given by:

O] 0| {c} | {d} | {e,d} | {b,c,d} | X

0 010 0 0 0 0

{c} 010 0 0 0 {c}
{d} 010 0 0 0 {d}
{c,d} 0|0 0 0 0 {c,d}
{b, C, d} @ (Z) (Z) @ @ {ba G d}
X 0| {c} | {d} | {c,d} | {b,c,d} | X

and (T(L(X)) = {f17 f27 f37 f4} where the homomorphisms fla f27 fSa f4 are
given by the table:

LX) | 0| {c} | {d} | {c.d} | {bcd} | X
fi 0/0 [0 o 0 1
fa 0/0 [0 o 1 1
3 olo [1 |1 1 1
1 01 |0 |1 1 1

The map nx : X — T(L(X) is defined by 7x(a) = fi, nx(b) = fo,
x(c) = f3, mx(d) = f4 is a Priestley space negatively ordered commutative
semigroup isomorphism.

5. Conclusion and future researcsh

The purpose of this paper is to establish a duality for bounded distributive
hyperlattice negatively ordered commutative monoids. In this way, some
results from [3, 23, 24] are extended. The main theorem shows that the
dual of the category of a Priestley space negatively ordered commutative
semigroups is equivalent to the category of bounded distributive hyperlattice
negatively ordered commutative monoids.

For further investigation, we ask the following open question: It is pos-
sible to obtain such representation if we change the category of bounded
distributive hyperattice negatively ordered commutative monoids by the
category of bounded distributive hyperattice negatively ordered commuta-
tive hypermonoids.
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