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Variations of some inverse properties

in Cheban loops

Benard Osoba, Temitopé Gbolahan Jaiyéola and Abdulafeez Olalekan
Abdulkareem

Abstract. A Cheban loop (G, ®) is characterized by the identities (2 Oyx)xr = zzOxy
and z(zy © z) = yzr © zz. It was shown that a Cheban loop (G, ®) satisfies the cross
inverse property if and only if (G, ®) is an abelian group or all the left (right) translations
of (G,®) are right (left) regular. Additionally, it was proved that in a Cheban loop, the
following algebraic properties are equivalent: flexibility, left inverse property, right inverse
property, inverse property, left alternativity, right alternativity and alternativity. This
study also revealed that a Cheban loop could be categorized as a weak inverse property
loop if it is flexible and the middle inner mapping belongs to a permutation group; as an
automorphic inverse property loop if it has a semi-commutative law and the middle inner
mapping is contained in a permutation group; as an anti-automorphic inverse property
loop if every element has a two-sided inverse and the middle inner mapping is contained
in a permutation group; and as a semi-automorphic inverse property loop if it is flexible,
the middle inner mapping is contained in a permutation group, and a semi-cross inverse
property holds. Finally, the study established the necessary and sufficient conditions for

a Cheban loop to have an exponent of 2 or to be a centrum square.

1. Introduction

Let G be a non-empty set. Define a binary operation “® ” on G. If
r Oy € G for all z,y € G, then the pair (G,®) is called a groupoid. If
a®x =band y ®a = b have unique solutions xz,y € G for all a,b € G
then (G, ®) is called a quasigroup. Let (G, ®) be a quasigroup and let there
exist a unique element e € G called the identity element such that for all
r € GrOe =e®z = x, then (G,0) is called a loop. At times, we
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write zy instead of x ® y and stipulate that “ ®” has lower priority than
juxtaposition among factors to be multiplied. Let (G, ®) be a groupoid and
a be a fixed element in G, then the left and right translations L, and R, of
a are respectively defined by L, =a®x and zR, =z ©a for all z € G. It
can now be seen that a groupoid (G, ®) is a quasigroup if its left and right
translation mappings are permutations. Since the left and right translation
mappings of a quasigroup are bijective, then the inverse mappings L, ! and
R ! exist. Let

a\b=>bL,* = aM, and a/b=aR, "' = bM, ' and note that
a\b=c<=aGc=banda/b=c<=cOb=a.

Thus, for any quasigroup (G, ®), we have two new binary operations; right
division (/) and left division (\). M, is called the middle translation for
any fixed a € G. Consequently, (G,\) and (G, /) are also quasigroups.
Using the operations (\) and (/), the definition of a loop can be restated as
follows.

Definition 1.1. A loop (G,®, /,\,e) is a set G together with three binary
operations (®), (/), (\) and one nullary operation e such that

(i) a® (a\b) = b, (b/a) ®a =bfor all a,b € G.
(ii) a\a=b/bore®a=a®e=a for all a,b € G.

We also stipulate that (/) and (\) have higher priority than (®) among
factors to be multiplied. For instance, a ® b/c and a ® b\c stand for a(b/c)
and a(b\c) respectively.

In a loop (G,®) with identity element e, the left inverse element of
x € G is the element zJy = 2 € G such that 2* ® = e while the right
inverse element of x € G is the element x.J, = 2¥ € G such that x ©2” = e.

For more study on quasigroup and loop theory, reader should check
[7,9, 10, 11, 12, 14, 15].

2. Preliminaries
The following concepts are important for this study. Let G be a non-empty

set, the set of all permutations on G forms a group SY M (G) called the
symmetric group of G.
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Definition 2.1. Let (G,®) be a quasigroup and let A, B,C € SYM(G).
If

tAOyB=(z0y)C Vz,yed
then the triple (A, B,C) is called an autotopism and such triples form a
group AUT(G,®) called the autotopism group of (G,®). If A = B =
C, then A is called an automorphism of (G,®) whose set form a group
AUM (G, ®) called the automorphism group of (G, ®).

The left and right multiplication groups My(G,®) = ({L, : = € G})
and M,(G,®) = ({R; : = € G}) respectively, are subgroups of the mul-
tiplication group M(G,®) = ({Rs, Ly : v € G}) < SYM(G) of a loop
(G,0).

If e = e in a loop G such that & € M(G), then « is called an inner
mapping. The middle inner mapping is defined as T, = R,L;' for any
z €.

Definition 2.2. Let (G,®) be a quasigroup. Then,

1. Ae SYM(G) is called M\-regular if there exists (A, I, A) € AUT(G, ®);
the set of such mappings form a group A(G, ®).

2. A€ SYM(G) is called p-regular if there exists (I, A, A) € AUT(G,®);
the set of such mappings form a group P(G, ®).
Definition 2.3. A quasigroup (G, ®) is said to have the

1. left inverse property (LIP) if there exists a mapping Jy : « — 2 such
that 2} © (z ©y) =y for all z,y € G.

2. right inverse property (RIP) if there exists a mapping J, : « — 2 such
that (y©@z) ©xf =y for all z,y € G.

inverse property (IP) if it has both the LIP and RIP.
right alternative property (RAP) if y ® zz = yz ©® x for all z,y € G.
left alternative property (LAP) if zz © y = x ©® zy for all z,y € G.

o oW

flexible or elastic property if (x ® y) ® x = v ® (y © x) holds for all
z,y € G.

7. cross inverse property (CIP) if there exist mapping Jy : x — 2 or

Jp 1@ = 2P such that zy © 2 =y or x ©® yaf = y or P Oyr =y
or My ®x =y foral z,y € G.

8. weak inverse property (WIP) if it obeys z(yz)? = y” or (zy)*z =y for
all z,y € G.
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Definition 2.4. A loop (G, ®) is said to be
—1,~1

1. an automorphic inverse property loop (AIPL) if (zy)™! =2~ 1y
forall z,y € G.

2. an anti-automorphic inverse property loop (AAIPL) if (xy)~! =y~ ta~!
for all z,y € G.

3. a semi-automorphic inverse property loop (SAIPL) if it obeys any of the
identities (zOyz)? = 2 OyPx? or (xOyz)* = 2Oy 2 for all z,y € G.

3. a power associative loop if < x > is a subgroup of (G,®) for all z € G
and a diassociative loop if < z,y > is a subgroup (G, ®) for all z,y € G.

Definition 2.5. A loop (G, ®) is called
1. RChL if it satisfies the identity (z ® yx) ® z = zx © zy for all z,y, 2z € G.

RChI
2. LChL if it satisfies the identity z(zy © 2) = yx © xz for all z,y,z € G.

LChI

The identity of a Cheban loop was introduced by Cheban in [1] as a
generalization of the Bol-Moufang type. A loop is a Cheban loop if and
only if it is a left Cheban loop (LChL) and a right Cheban loop (RChL). It
was reported by the author that the identity of Cheban loop falls under the
class of generalized Moufang loop. Characterization of left Cheban loops
was studied by Cote et al. [4] in 2011 while Phillips and Shcherbacov [13]
in (2010), announced the following structural properties of Cheban loops;
they are power associative and conjugacy closed loops (CCL). Research on
Cheban loops appeared again in the literature in 2022 when Chinaka et al.
[2] constructed a right Cheban loop of small order while the holomorphic
structure of RChL was studied by the same authors [3] in 2023. Jaiyéola
et al. [8] linked Cheban loops to Frute loops (both loops of generalized
Bol-Moufang type) in 2021. In 2022, George and Jaiyéola [6] studied some
new classes of loops which are also power associative and conjugacy closed,
discovered by George et al. [5].

This current paper studies some algebraic properties of a Cheban loop
and the variation of certain inverse properties in it.

Remark 2.6. In this study, our focus is on the left and right Cheban loops,
specifically the identities outlined in Definition 2.5. Our results feature
Cheban loop whenever left and right Cheban loops are considered, with the
exception being when only one of them is utilized, in which case it will be
explicitly specified.
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3. Main Results

Lemma 3.1. In a Cheban loop (G, ®), the following hold for all x,y,z € G:

L (zoy)r=zz02(y/z), 10. z(y2”) = (z\y)z or
2. 2(y © 2) = (v\y)z © wz, L;'R, = Ry Ly,

3. yx =z 0 z(y/z), 11. z((z* © y)x) = yx or
4. 2y = (v\y)z Oz, RyL;' = LRy,

5. ¢ =yPr ® x(y/x), 12. zy = (z(yzP))x or

6. 2 = (z\y)z O zy, L.R;' = Ry Ly,

7. 1 =22 0a(zP/z), 13. T, = R 'L,

8. z=(z\zNz O, 4. T, ' = L'R,,

9. (e )z = 3(y/x) or 15. Ty, = LRy,

R;'L, = LRy, 16. T; ' = Ryo L.

Proof. Let (G,®) be a Cheban loop. Then, it is a RChL and LChL.

Do the following substitutions in (2O yx) ®x = zx @xy and z(zy©z) =
yx © zz respectively:

Put y = y/x and y = z\y to obtain items 1 and 2 respectively. Set z = e
in items 1 and 2 to obtain items 3 and 4 respectively. Set z = y? and z = y*
in items 1 and 2 to obtain items 5 and 6 respectively. Set y = 2” and y = 2*
in items 1 and 2 to obtain item 7 and 8 respectively. Put z = 2 in RChI
to get (2% yx)r = 2 r Oy = (2* -yr)xr = vy = R; 'L, = L2 R, which is
item 9 and put z = 2” in LChI to get z(yz”) = (z\y)r = Rur Ly = LR,
which is item 10.

Use item 9 in item 3 to get yx = 2((z’y © ) = RyL;' = LR, which
is item 11. Use item 10 in item 4 to get 2y = (z(yz”))z = Ly R;' = Ryo Ly
which is item 12. From item 3, get item 13, and from item 4, get item 14.
Items 15 and 16 follow from items 12 and 14. O

Lemma 3.2. A loop (G,®) is a Cheban loop if and only if
(Ry,R;'Ly, Ry), (L 'Ry, Ly, Ly) € AUT(G,®) for all z € G.
Hence, (Ry, Ty, Ry), (T Y, Ly, L) € AUT(G,®) for all x € G.
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Proof. Use Definition 2.5 by putting the identities in autotopic forms. [

Theorem 3.3. Let (G,®) be a Cheban loop. The following are equivalent:

. (G,®) is a cross inverse property. 5. L, € P(G,0)V z € G,

1
2. (G,0) Z'S commuz?atwe, 6. R, € My(G.0)V z€G,
3. (G,®) is an abelian group,

4

. R, e A(G,0) VYV xeQG, 7. Ly e M,(G,0)Vzed.

Proof. Let (G,®) be a Cheban loop.

1 < 2. Going by Lemma 3.1, we have z((2* ®y)z) = yz. If (G, ®) is a cross
inverse property, then x ® ¥y = y ® z which is commutativity. The converse
is also true by direct implication.

1 < 3. Using item 9 in item 1 of Lemma 3.1, we have zy ©®z = 22 ® (2 y)z.
So, (G,®) has a CIP if and only if (z©y)x = zz Oy < (G,®) is an abelian
group.

3 < 4. By Lemma 3.2, (T, !, L,, L,) € AUT(G,®) forall z € G. So, (G, ®)
is commutative if and only if (7!, L,, L) = (I, Ly, L) < L, € P(G,®).
2 & 5. By Lemma 3.2, (R,,T,,R;) € AUT(G,®) for all z € G. (G,0)
is commutative if and only if (Ry, Ty, R:) = (Rs, I, Ry) € AUT(G,0) <
R, € A(G,®) for all z € G.

1 < 6. Going by item 3 of Lemma 3.1, 2} ® yz = 2* ® [z ® z(y/)]. So,
CIP holds if and only if y = 2* ® [z ® 2(y/x)] © Ry = L2L .

1 & 7. Going by item 4 of Lemma 3.1, zy ® o = [(z\y)z ® 2] ® z*. So,
CIP holds if and only if y = [(z\y)z ©® 2] ® 2° < L, = R2Ry». O

Theorem 3.4. Let (G,®) be a Cheban loop. The following are equivalent:

1. Flexibility. 7. Alternative property.
2. Left inverse property. ]. R;pl — Rxp(x/xp).
3. Right inverse property. 1

9. Ly = Lipaz)-
4. Inverse property. x

A _

5. Left alternative property. 10. 2% © (yr ©z) = 2y.
6. Right alternative property. 11. (z ® zy)zf = yz.

Proof. Let (G,®) be a Cheban loop, then it is a RChL and LChL. Thus,
by Lemma 3.1, (G, ®) satisfies both RChI and LChI.
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1 & 2. By item 13 of Lemma 3.1, T, = R;'L, which means R,L;! =
R,;'L,. Also, item 9 of Lemma 3.1 is R;'L, = L R;. So, (G,®) has
LIP if and only if L,y = Lyt & LR, = L;'R, & R;'L, = L;'R, &
R.L;'=L;'R, & R, L, = L, R, if and only if (G, ®) is flexible.

1 < 3. By items 10 and 13 of Lemma 3.1, (G,®) has RIP < L 'R, =
R;'L, & L;'R, = R, L;! & R,L, = LR, if and only if (G,0) is
flexible.

1< 4. This is based on 1 < 2 and 1 < 3.

1 < 5. Put 2 = x in item 1 of Lemma 3.1 to get 2y ® x = 22 © z(y/x).
Flexibility holds & z®Oyr = 220x(y/z) © 20 (yr)r = 2 Oy & R2L, =
LyLy> < L2L, = LyL,» < L2 = L,» < LAP holds.

1 < 6. Put z = x in item 2 of Lemma 3.1 to get z ® yr = (z\y)z ® 22.
Flexibility holds & zy©x = (z\y)z02? & z(zy) Oz = yr©2? & L2R, =
RyR,> & R2R, = RyR,» & R? = R,» = RAP holds.

1< 7. This is based on 1 < 5 and 1 < 6.

1< 8. Initem 1 of Lemma 3.1, put = y” to get (z0y)y” = zy? Oy (y/y’).
RIP holds & z = zy? © y?(y/yP) < Ry_pl = Ryo(y/ye)-

2 < 9. In item 2 of Lemma 3.1, put = y* to get 3 (y©2) = (¥ N\y)y* Oy'z.
LIP holds < z = (yM\y)y* © vz & L;Al = L)y

2 < 10. Going by item 3 of Lemma 3.1, 2* ® yx = 2* © [z © x(y/7)] &
PO@Wrozr)=220xory] &2 0(z\y)r©r] =2 6 [r©y]. So, LIP
holds if and only if 2* @ [(z\y)z © 2] =y & 2* ® (yz © 1) = zy.

3 < 11. Going by item 4 of Lemma 3.1, zy ©® 2f = [(z\y)z O z] © 2 &
z(zy) Ozf = yxr O z] O zf < z(x ©y/x) © 2P = yxr © z”. So, RIP holds if
and only if y = z(x @ y/z) © 2P < (z © zy)zf = yx. O

Lemma 3.5. Let (G,®) be a Cheban loop. The following hold for allx € G.
1. J\R M, =T,. 2. T,V =J,L,M;* .

Proof. 1. Setting y = y/x and z = y* in a RChI, we obtain

v =yzOa(y/z) = (P 2)\v =20 (y/2) = y\R: My = yR; 'Ly
for all x € G. We get J\R, M, = R;'L, = T,.
2. Setting y = z\y and z = y” in the identity of LChL, to get

= (2\y)zr O ay” = z/(zy’) = (z\y) ©x = yJ,L,M;' =yL; 'R, =
Jy LM, =L 1R, =T, L. O
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Theorem 3.6. Let (G,®) be a Cheban loop. Define a set

1. Then, any two of the following implies the third:
(a) (G,®) is a WIPL.
(b) T, € GY < SYM(G).
(¢) (G,®) is flexible.
2. Then, any two of the following tmplies the third:
(a) (G,®) is an AIPL.
(b) T, € GY < SYM(G).
(¢) yar =ay.
3. Then, any two of the following implies the third:
(a) (G,®) is an AAIPL.
(b) T, € GE < SYM(G).
(c). zf =
4. Then, any three of the following implies the forth:
(a) (G,0) is a SAIPL.
(b) T,;'L, < GY.
(¢) (G,®) is flexible.
(d) zOyr=y.
Proof. Let (G, ®) be a Cheban loop. Recall in Lemma 3.5 that JyR, M, =
T, and T, ' = J,L,M;".

TyJyLy = M, and T, " J\R, = M, . So,
MM, =T, ' Z\R, T, J, Ly = I = J\R, Ty J,Ly = Ty (1)
1. (G,®) is a weak inverse property loop if and only if
(zy)*z =y & yLoJ\Ry = yJx < Lo JyRy = Jy. (2)

From (1), we get Ly J\R;TyJ,L; = L,T,. Assume that (G,®) is a WIPL
and using (2) in the last equation, we get J\T,J,L, = L,T,. If (G,©) is
flexible, then

LoToL;' = LyRyL;% = RyLoL;% = Ry Ly =Ty
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So, Z\IyJ,Ly = LyTy= L,T,L;' = I\ T,J, = T, =L\TpJ,= T, € GY.
Thus, (a) and (c) give (b). Similarly, we can deduce the other two implica-
tions

2. (G, ®) has the automorphic inverse property < (y © x)? = y? @ zf <
JA\RyzJ, = Rge. From (1), we get JyxRyJ,J\TpJ,Ly, = T,. If (G,0) is
AIPL, we obtain RypJ\T;J,L, = T,. In addition, if T, € Gﬁ, we get
RyoTyLy = Ty = RyoRyL:'Ly = Ty = RyoRy = LsRy = Rup = L.
The other two implications can be similarly obtained.

3. (G,0)is an AAIPL & (z ©y)’ = y? © a? & Ly = Jy\RyJ,. Recall
(1) to get J\RyJ,JJ\TpJ,Ly = T,. If (G,®) is an AAIPL, then the last
equation becomes Lyp J\T;J, L, =T,. If T, € Gf\, then L, T,L, =T, =
prRIL;1L$ = R;lLI = LR, =T, = L.oR, = Lq;ARx = Ly = Lr)\.
Hence, (a) and (b) imply (c). The other implications can be obtained in a
similar way:.

4. (G,®) is a SAIPL & (z © yx)? = 2 © yPaP & RyppLye = JaRypLyJ,.
From (1), we have

IRy =T, L' Z\T, ' = JZRy Ly J, = T L INT, P Ly, (3)

If T,'L, € Gé and (G,®) is a semi-automorphic inverse property loop,
then (3) becomes JyRyLyJ, = T, L; T, L,. In addition, if (G, ®) is flex-
ible, we get RyoLye = ToL;'T; 'L, = RyoLy = R L L T, 'L, =
R L 'L 'L, R;\L, = R, L;'R; 'L, = Ry L;'L,R;' = I. Thus, Ryo Ly =
I. Therefore, (a), (b) and (c) imply (d). The other implications can be ob-
tained similarly. O

Theorem 3.7. Let (G,®) be a Cheban loop.
1. Ifxd, =aJy and |Ty| = |My| =2, then (G,®) is commutative.
2. Any two of the following give the third for all x € G:

(a) Ly = Ry.
) J, = Jy.
() T2 = M2
3. If Ly = Ry, then any two of the following give the third:
(a) xJ, =aJ).
(b) M| =2
(c) |Ta| =2
4. (G,®) is centrum square if and only if yxr © x(y/z) = (x\y)zr © zy.
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5. The following are equivalent for all x € G:

(@) Jol =2
(b) Ry = M,.
() M,=L;"

Proof. 1. If |T,| = |M,| = 2 and 2* = 2, then from Lemma 3.5, T, ! =
IRy My = J, T, MY = Ry and T, = J, LM = J\T,M, = L,. So
that R, = J,,TgcflMgg1 = \T:M, = L,. Thus, (G,®) is commutative.

2. If (G,®) is commutative, then L, = R, and so J,,TJCMI_1 =R, =
T M,. If 2* = 2P, then T, M; ' = T, ' M, = T? = M?2. So, (a) and (b)
imply (c). The other implications can be obtained with similar steps.

3. Similarlt as 2.

4. By item 1 of Lemma 3.1, (2 ©®y)x = zz ©® z(y/z). Now, put z = y to get
y? ©z = yr ® x(y/z). By item 1 of Lemma 3.1, 2(y ® 2) = (z\y)z © zz.
Now, put z = y to get  ©® 9> = (z\y)r ® xy. Thus, r Oy =y O r &
yr O x(y/z) = (x\y)z O zy.

5. By item 1 of Lemma 3.5, JyR,M, = T,. So, (G,®) is of exponent 2
if and only if R,M, = T, & R,M, = R,L;' < M, = L;'. By item 2
of Lemma 3.5, T, ' = J,L, M. So, (G,®) is of exponent 2 if and only if
T, '=L.M;'s L,R;'=L,M < M,=R,. O
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