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A decomposition of I'-bands

Attila Nagy

Abstract. In this paper we define the notion of the rectangular I'-band, and give
equivalent conditions on a I'-semigroup to be a rectangular I'-band. Moreover, we show

that every I'-band is a I'-semilattice of rectangular I'-bands.

1. Introduction and motivation

A nonempty set together with an associative binary operation is called a
semigroup. The notion of I'-semigroup is a generalization of the notion of a
semigroup. Let I' be a nonempty set. Using the terminology of [4], we say
that a nonempty set S is a I'-semigroup if there exists a mapping of SxI'x S
into S written as (a, a, b) — aab satisfying the identity (aab)Bec = aa(bfc).
One of the central topics in the theory of semigroups is the decomposition
of semigroups into different types of semigroups. The readers are referred
to the books [1, 2, 3]. The main result of this area is that every semigroup
is a semilattice of semilattice indecomposable semigroups. Especially, every
band is a semilattice of rectangular bands. In this paper we extend this
last result to I'-bands. In Section 3, we define the notion of the rectangular
I'-band and give equivalent conditions for a I'-semigroup to be a rectangular
I-band. In Section 4, we define a binary relation g on a I'-band S, and show
that ng is the least I'-congruence on S such that the factor I'-semigroup S/ns
is a I'-semilattice. We also show that the ng-classes of S are rectangular
I-bands. Thus every I'-band is a I'-semilattice of rectangular I'-bands.

2. Preliminaires

Let S be a I'-semigroup and o € I" be an arbitrary element. We say that
an element e of S is an a-idempotent if eae = e. An element e of a I'-
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semigroup S is called a I'-idempotent if e is an a-idempotent for all o € T'.
A T-semigroup S will be called a I'-band if every element of S is a I'-
idempotent.

A T-semigroup S in which aab = baa is satisfied for every a,b € S and
every a € I' is called a commutative I'-semigroup. A commutative I'-band
is called a I'-semilattice. By a nowhere commutative I'-semigroup we mean
a [-semigroup in which aab = baa implies a = b for every a,b € S and
acl.

A mapping ¢ of a I'-semigroup S; into a ['-semigroup S is said to be a
[-homomorphism if p(aab) = ¢(a)ap(b) is satisfied for every a,b € Sy and
every o € I'. A bijective I'-homomorphism is called a I'-isomorphism.

An equivalence relation o on a I'-semigroup is called a I'-congruence on
S if aoc and bod imply aabocad for every a,b,c,d € S and a € I". An
equivalence relation ¢ on a I'-semigroup is called a left I'-congruence on S
if acb implies caaocab for every a,b,c € S and o € I'. The notion of right
I'-congruence is the dual of the notion of a left I'-congruence. It is easy to
see that an equivalence relation of a I'-semigroup S is a I'-congruence if and
only if it is a left I'-congruence on S and a right I'-congruence on S.

If o is a I'-congruence on a I'-semigroup S, then the factor set S/o is
also a ['-semigroup: for arbitrary a € I" and arbitrary o-classes A and B of
S, AaB = C, where C is the o-class of S which contains the elements of
AaB. This I'-semigroup is called the factor I'-semigroup of S (modulo o).

We say that o is a ['-semilattice I'-congruence on a I'-semigroup S if ¢ is
a I'-congruence on S such that the factor I'-semigroup S/ is a I'-semilattice.

Let S be a I'-semigroup, and let S; (i € I) be pairwise disjoint I'-
subsemigroups of S such that S = U;¢15;. If the equivalence relation on S
whose classes are the subsets S; (i € I) is a semilattice I'-congruence on S,
then we say that S is a I'-semilattice of T'-semigroups S; (i € I).

3. Rectangular I'-bands

Definition 3.1. A I'-band S will said to be a rectangular I'-band if it
satisfies the identity aabaa = a, that is, aabaa = a is satisfied for all
a,be S andall « €T

The next theorem gives equivalent conditions for a I'-semigroup to be a
rectangular I'-band.

Theorem 3.2. The following conditions on a I'-semigroup S are equivalent.
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1) S is a rectangular I'-band.

2) S is a I'-band satisfying the identity aabfa = a.

4

(1)

(2)

(3) S is a I'-band satisfying the identity aabfc = ayc.
(4) S is a T'-band satisfying the identity acbac = acc.
(5)

5) S is I'-isomorphic to the direct product of a left zero I'-semigroup L

and a right zero I'-semigroup R.

(6) S is a nowhere commutative I"-semigroup.

Proof. (1) = (2): Assume that S is a rectangular I'-band. Let a,b € S and
a, 8 € I be arbitrary elements. Then

aabBa = aabf(aca) = aa(bfa)aa = a.

(2) = (3): Assume that S is a I'-band satisfying the identity aabfa = a.
Let a,b,c € S and «, 8,7 € I be arbitrary elements. Then
aabfBc = aabB(cyayce) = (aa(bBe)ya)ye = aye.

Thus (3) is satisfied.

(3) = (4): It is obvious.

(4) = (5): Assume that S is a I'-band satisfying the identity aabac =
aac. Let e € S and « € T" be arbitrary elements. Let

L=Sae and R =-eas.
For arbitrary a,b € S and g € I', we have
(ace)B(bae) = aa(efb)ae = ace

which implies that L is a left zero I'-semigroup. Similarly, R is a right zero
I'-semigroup.

We show that S is I'-isomorphic to the direct product L x R. Let ¢ be
a mapping of L x R into S defined by the following way: for an element
(sae,eat) € L x R, let

p(sae, eat) = saeat.
For every s € S, we have

s = sas = saeas = p(sae, eas),
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and hence ¢ is surjective.
We show that ¢ is injective. Assume

o(sae, eat) = p(uae, eav)
for some s,t,u,v € S. Then
saeat = uaeav.
Applying this equation, we get
sae = sa(eatae) = (saeat)ae = (uaeav)ae = ua(eavae) = uae
and
eat = (easae)at = ea(saeat) = ea(uaeav) = (equae)av = eaw.

Thus
(sae, eat) = (uae, eav).

Hence ¢ is injective.

It remains to show that ¢ is a I-homomorphism. Let (sae,eat) and
(uce, eaw) be arbitrary elements of L x R. Then, for an arbitrary g € T,
we have

o((sae, eat)B(uae, eav)) = p((sae)B(uae), (eat)B(eav)) =
= @(sae, eav) = saeav = sa(ea(tfu)ae)av =
= (saeat)B(uaeav) = @(sae, eat)Bp(uae, eav).

Thus ¢ is a I'-homomorphism. Consequently S is I'-isomorphic to L x R.
Hence (5) is satisfied.

(5) = (6): Assume that the I'-semigroup S is I'-isomorphic to the direct
product of a left zero I'-semigroup L and a right zero I'-semigroup R. If

(a1,b1)a(az, ba) = (az, b2)a(ar, by)
for some a1,a0 € L, b1,bo € R and « € T', then
(a1,b2) = (ar1aag, biabs) = (a1, br)a(az, bo) =

= (ag,b2)a(a1, br) = (agaay, baabr) = (ag, by)
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from which we get
a1 = a9 and b1 = bQ,

that is,
(a1,b1) = (a2, b2).

Thus S is nowhere commutative.
(6) = (1): Assume that S is a nowhere commutative I'-semigroup. Let
a € S and a € I be arbitrary elements. Since

aa(aaa) = aa(aaa),
that is, @ and aaa commute with each other, we get
aca = a.

Thus every element of S is a I'-idempotent, that is, S is a I’-band. For
arbitrary a,b € S and a € I', we have

aa(aabaa) = (aaa)a(baa) = aabaa = (aab)a(aaa) = (aabaa)aa,
that is, @ and aabaa commute with each other. Thus
aabaa = a.

Consequently S is a rectangular T'-band, and hence (1) is satisfied. O

An element e of a semigroup S is called an idempotent element if €2 = e.
A semigroup S is called a band if every element of S is an idempotent
element. A band satisfying the identity aba = a is called a rectangular
band.

Theorem 3.3. Let S and I' be arbitrary non-empty sets. Then S is a
rectangular I'-band if and only if there is a binary operation x on S such
that (S;*) is a rectangular band.

Proof. Assume that S is a rectangular I'-band. By Theorem 3.2 S satisfies
the identity aabac = aac. Let a,b € S and «, 8 € I' be arbitrary elements.
Then

aab = (afa)a(bBb) = af(aad)pb = afb.

Thus
|aT'b| = 1.
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Let x be the binary operation on S defined by the following way: for arbi-
trary a,b € S, let
a*xb=alb.

It is a matter of checking to see that (S;x) is a rectangular band.
Conversely, assume that there is a binary operation x on S such that
(S;*) is a rectangular band. For every a,b € S and o € T, let

aab =axb.

It is easy to see that S becomes a rectangular I'-band. O

4. I'-bands

Theorem 4.1. On an arbitrary I'-band S,
ns = {(a,b) € S xS : (Va € I') aabaa = a, baaab = b}

1s the least T'-semilattice I'-congruence on S such that the ng-classes of S
are rectangular I'-bands.

Proof. Let S be a I'-band. As every element a of S is a I'-idempotent, we
have
acaca = aaa = a

for every a € T', and hence a ng a. Thus ng is reflexive. It is obvious that
ng is symmetric. To show that ng is transitive, let a,b,c € S be arbitrary
elements such that a g b and b ng ¢. Then, for every a € T,
a = aabaa = aa(bacab)aa = (aab)a(cabaa) =
= (aab)a(cabaa)a(cabaa) = aa(bacab)aaa(cabaa) = (1)
= (aabaa)a(cabaa) = aacabaa
and
a = aabaa = aa(bacab)aa = (aabac)a(baa) =
= (aabac)a(aabac)a(baa) = (aabac)aan(bacab)aa = (2)
= (aabac)a(aabaa) = aabacaa.

From (1) and (2), we get

a = aca = (aacabaa)a(aabacaa) = (acc)a(baacaab)a(caa) =
= (aac)a(baaadb)a(caa) = (aac)abalcaa) = (3)

= aa(cabac)aa = aacaa.
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By symmetry, we have
¢ = caaaqc. (4)

Equations (3) and (4) together imply that, for every ae € T,
a = aacaa and ¢ = caaac

which means that a ng c¢. Thus ng is transitive.
We show that ng is a right I'-congruence on S. Assume a ng b for
elements a,b € S. Let ¢ € S and , &, k € I" be arbitrary elements. Then

(a&c)k(aable)k(ate) = (ale)k(aabée)k((aabaa)ic) =
a&(ckaab)é(craab)a(aéc) = aé(ckaab)a(aéc) = (5)
= (a&c)k(aabaa)éc = (a&c)k(a&e) = (akc).

Moreover,

(aabtc)r(ale)k(aabée) = (aab)é((cka)é(cka))a(bée) =

= (aab)é(cra)a(béc) = (aabéc)k(aabéc) = aabe. (©)
Equations (5) and (6) together imply
(agc) ns (aabse). (7)
Since
(bée)k(aable)k(bEe) = (bEe)k(aabie)k((baaab)ic) =
((baaad)éc)k(aabéc)k(béc) = ®)
= ba(aabéc)r(aabéc)k(béc) =
= (babaa)éck(bée) = (béc)k(béc) = bEe
and
(aabtc)k(béc)k(aabée) = aa(béc)k(béc)k(aable) = )

aa(béc)r(aabte) = (aabée)r(aabéc) = aabée,
equations (8) and (9) together imply
(bée) ns (aabe). (10)
By (7) and (10), we have

(aéc) ns (aabéc) ns (bc).



92 A. Nagy

Since ng is transitive, we get

(agc) ns (b&c).

Consequently 7ng is a right I'-congruence on S . We can prove in a similar
way that ng is a left I'-congruence on S. Thus ng is a I'-congruence on S.
For arbitrary a,b € S and o, 5 € T,

(aad)B(baa)B(aab) = aa(bpb)a(afa)ab =

= (aab)a(aab) = aab.
We can prove in a similar way that
(baa)B(aab)B(baa) = baa. (12)

By (11) and (12), we get
(aab) ng (baa),

from which it follows that the factor I'-semigroup S/ng is commutative.

It is clear that every ng-class of S is a-idempotent in S/ng for every
a € T. Thus S/ng is a I'-semilattice. In other words, ng is a I'-semilattice
I’-congruence on S.

We show that 7ng is the least I'-semilattice I'-congruence on S. Let o be
a ['-semilattice I'-congruence on S. Let a and b be elements of S such that
a ng b. Let a € I' be an arbitrary element. Then

a = aabaa o ac(bab)aa o (aaa)a(badb) o aa(bab) o baaab = b.

Thus
aob,

and hence
ns € o.

Consequently ng is the least I'-semilattice I'-congruence on S.

It remains to show that every ng-class of S is a rectangular I'-band. Let
A be an arbitrary ng-class of S. As every element of S is I'-idempotent, A
is a [-band. Let a,b € A, and let o € I be arbitrary elements. Then

ansb

which implies
aabaa = a.
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Thus the I'-band A satisfies the identity
aabaa = a.

By Theorem 1, A is a rectangular I'-band. O

Corollary 4.2. Every I'-band is a I'-semilattice of rectangular I'-bands.
Proof. By Theorem 4.1, it is obvious. O

Corollary 4.3. Every I'-band is a I'-semilattice of semigroups, which semi-
groups are rectangular bands.

Proof. By Corollary 4.2 and Theorem 3.3, it is obvious. O

5. Examples

Example 5.1. Let

and

It is a matter of checking to see that S is a I'-semigroup such that a and
b are I'-idempotents. In other words, S is a ['-band. It is easy to see that
S has two ng classes; these are the one-element sets {a} and {b}. Thus S
is I'-isomorphic to the factor semigroup S/ng. By Theorem 3.3, S/ng is a
I'-semilattice. Thus S is a I'-semilattice. It can be directly shown that S is
a ['-semilattice.

Example 5.2. Let

and

It is a matter of checking to see that S is a I'-band, in which the classes of
ns are {a, b} and {c}. It is easy to see that {a, b} is a right zero I'-semigroup.
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Example 5.3. Let

1 -1 ~1 1
Ir={a=|-1 1|,8=]0 0
0 1

It is a matter of checking to see that S is a I'-band, in which the classes
of ng are {a,b} and {c}. Moreover, {a,b} is a right zero I'-semigroup.
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