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On topological semi-hoops
Mona Aaly Kologani, Nader Kouhestani and Rajab A. Borzooei

Abstract. We investigate topological structuers on a semi-hoop A and under conditions show
that there exists a topology 7 on A such that (A,7) is a topological semi-hoop. We prove
that for each cardinal number «, there exists a topological semi-hoop of order . Finally, the
separation axioms on topological semi-hoops are study and show that for any infinite cardinal
number o there exists a Hausdorff topological semi-hoop of order a with non-trivial topology.

1. Introduction

Algebra and topology, the two fundamental domains of mathematics, play com-
plementary roles. Topology studies continuity and convergence and provides a
general framework to study the concept of a limit. Algebra studies all kinds of
operations and provides a basis for algorithms and calculations. Many of the most
important objects of mathematics represent a blend of algebraic and of topological
structures. Topological function spaces and linear topological spaces in general,
topological groups and topological fields and topological lattices are objects of this
kind. Very often an algebraic structure and a topology come naturally together.
The rules that describe the relationship between a topology and algebraic opera-
tion are almost always transparent and natural the operation has to be continuous,
jointly continuous, jointly or separately. In the 20th century many topologists and
algebraists have contributed to topological algebra. In this paper, we introduce
the notion of topological semi-hoop and derive here conditions that imply a semi-
hoop to be a topological semi-hoop. We prove that for each cardinal number «,
there exists at least a topological semi-hoop of order a. Also, we study separation
axioms on topological semi-hoop and show that for any infinite cardinal number
« there exists a Hausdorff topological semi-hoop of order o with non-trivial topol-
ogy. We prove that a Hausdorff topological semi-hoop algebra exists and we try
to study some properties of it. Also, we investigate that under what conditions a
topological semi-hoop can be a Hausdorff, connected, Ty and T3-spaces.
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2. Preliminaries

In this section, we recollect some definitions and results which will be used in this
paper and we shall not cite them every time they are used.

Definition 2.1. An algebra (4,®, —, A, 1) of type (2,2,2,0) is called a semi-hoop
if it satisfies the following conditions:

(SH1) (A,A,1) is a A-semilattice with upper bound 1,

(SH2) (A,®,1) is a commutative monoid,

(SH3) (z0y)—=z=z— (y— 2), for all x,y,z € A.

On a semi-hoop A we define x < y if and only if z — y = 1. It is easy to see
that 7 <7 is a partial order relation on A and for any = € A, x < 1. A semi-hoop
A is bounded if there exists an element 0 € A such that 0 < z, for all z € A. We
let 2° =1, 2" = 2" ! ®@ux, for all n € N. In a bounded semi-hoop A, we define the
negation ' on A by, 2’ =a — 0, for all z € A. If (a’) = z, for all 2 € A, then the
bounded semi-hoop A is said to have the Double Negation Property, or (DNP) for
short. A semi-hoop A is called a hoopif x®(z — y) =yO(y — z), forall z,y € A.
A semi-hoop A is called a U-semi-hoop, if tUy = ((z = y) > y) A((y = z) = )
and Ll is a join operation on A.

The following proposition provides some properties of semi-hoops.

Proposition 2.2. (cf. [7]) Let A be a semi-hoop. Then the following hold, for all

(i) zOy<zifand onlyifx <y — z,
(i) zOy< Y,
(1)) z<y—x,

(iv) zO(x—y) <y,

v) x <y implies z— x <z — vy,

) x <y impliesy — z2<x— 2,
(vii) (z—=y)<(y—=2)—(x—2),
(wiii) (z—=y) Oy —2) < (z— 2).

Remark 2.3. (cf. [7]) U-semi-hoop (A,U, A) is a distributive lattice.

Definition 2.4. Let A be a semi-hoop. A non-empty subset F' of A is called a
filter of A if|

(F1) z,y € Fimpliesz Oy € F,

(F2) z<yandzé€ Fimply y € F, for any z,y € A.

We use F(A) to denote the set of all filters of A. Clearly, 1 € F, for all
F € F(A). F € F(A) is called a proper filter if F' # A. It can be easily seen
that, if A is a bounded semi-hoop, then a filter is proper if and only if it is not
containing 0.

Let (A, ®,—,A,1) be a semi-hoop and F' € F(A). We define a binary relation
~ponAby x ~pyifand only if z -y, y > x € F, for any z,y € A. Then ~p
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is a congruence on A. Let A/F = {«z/F | x € A}, where /F ={y € A |z ~F y}.
Then the binary relation < on A/F which is defined by:

2/F <y/F if and only if x — y € F.

is a partial order relation on A/F. Thus (A/F,®,~,M,14,F) is a semi-hoop,
where for any z,y € A:

lyp=1/F, 2/F@y/F = (x©y)/F, 2/F ~y/F = (z = y)/F

and z/Fny/F=(xAy)/F.

Recall that a set X with a family T of it’s subsets is called a topological space,
denoted by (X,T), if X,0 € T and T is closed under finite intersections and
arbitrary unions. The members of T are called open sets of X and the complement
of U € T, that is U¢, is said to be a closed set. If B is a subset of X, the smallest
closed set containing B is called the closure of B and denoted by B. A subfamily
{Uq} of T is said to be a base of U if for each x € U € T, there exists an « such
that z € U, C U, or equivalently, each U € T is the union of members of {U,}. A
subset P of topological space (X, T) is said to be a neighborhood of x € X if there
exists an open set U such that x € U C P. Now, let (A, T) be a topological space.
We have the following separation axioms in (A, 7):

Ty: For each z,y € A and x # y, at least one of them has an open neighborhood
not containing the other.

Ti: For each z,y € A and = # y, there exists two open sets U and V' such that
xeUandy¢U,andyeV and x ¢ V.

Ts: For each z,y € A and x # y, both have disjoint open neighborhoods U
and V such that z € U and y € V.

3. Topological semi-hoops

Definition 3.1. Let 7 be a topology on semi-hoop (A, ®,—, A, 1) and let * be
one of the operations ®, —, A. Then

(1) (A,#,1) is called right topological semi-hoop if for each a € A, the map
rq : A — A, defined by x — z*a is continuous, or equivalently, for any =z € A
and each open neighborhood U of z x a, there exists an open neighborhood
V of x such that V xa C U. In this case, we also call that operation * is
continuous in first variable.

(7i) (A,*,7T) is called topological semi-hoop, if x : A x A — A is continuous, or
equivalently, if for any x,y € A and any open neighborhood W of z xy, there
exist two open sets U and V such that r e U,y e Vand UV C W.

(791) (A, T) is called (right)topological semi-hoop, if (A, ®, —, A, T) is (right) topo-
logical semi-hoop.
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For U,V C A we define U ©@ V,U — V and U AV as follows:
UoV={z0y|lzecUyecV}, U=V={s—ylzelyeV}

and UANV ={axAy|zecUyecV}
Example 3.1. (cf. [4]) (i) Let A={0,a,b,¢,1} and
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Ay = 2O (x — y). By routine calculations, A with these operations is a bounded
semi-hoop. Define the topology 7 = {0, {0}, {a, b}, {1,c},{a,b,c,1}, A}. Then it
is easy to see that (A, T) is a topological semi-hoop.

(i) Let A = {a,b,1} be a chain. Then define, for any z,y € A, z Ay =
min{x, y} and the operations ® and — on A as follows:

[ =
= = g

ool
oo

It is easy to see that A with these operations is a semi-hoop. We define the
topology T = {0,{a}, A}. Then by routine calculations, (4, ®,—, A, T) is a right
topological semi-hoop. But (A,—,7) is not one topological semi-hoop. Because
1 — a =a € {a} such that A and {a} are two open sets of 1 and a, respectively,
such that A — {a} = A € {a}.

Theorem 3.2. Let (A,—,T) be a topological semi-hoop. If {1} is an open set,
then (A, T) is a topological semi-hoop.

Proof. Let {1} be an open set and = € A. Since (A, —,7T) is a topological semi-
hoop and x — x = 1 € {1}, there is an open sets U such that z € U, x — U = {1}
and U — ¢ = {1}, which implies that U = {z}. Hence, T is a discrete topology
on A and so (A, T) is a topological semi-hoop. O

Theorem 3.3. Let (A,0,—,A,1) be a semi-hoop and F be a family of filters
which is closed under intersections. Then there exists a topology T on A such that
(A, T) is a topological semi-hoop.

Proof. Define T = {U C A | Vo € U, 3IF € F(A) such that /F C U}. For
each x € A and F € F, the set z/F € T, because if y is an arbitrary element
of /F, then y € y/F = z/F. Tt is easy to see that T is a topology on A. We



On topological semi-hoops 169

prove that x € {®, —, A} is continuous. For this, suppose xxy C U € T such that
* € {®©,—,A}. Then for some F € F, (r*y)/F C U, and so «/F xy/F C U.
Since z/F and y/F are two open neighborhoods of = and y, respectively, such
that /F xy/F C (x*y)/F C U. Hence, * is continuous. Therefore, (A4,7) is a
topological semi-hoop. O

Theorem 3.4. Let (A,®,—,\,T) be a topological semi-hoop such that, for any
0AUeT,1€Uanda¢ A. Suppose A, = AU{a}. Then there exists a topology
Ta on A, such that (Ay, Ta) is a topological semi-hoop.

Proof. Define the operation M, ® and ~» on A, as follows,

rQy ifxeAyecA x—y fzeAdyecA
TRY = a ifreAg,y=a ,x~y= a ifreAjy=a
a ifx=a,y € A, 1 ifx=a,y € A,

zNy=z®(z~y)

By routine calculation, we can see that (A,, ®,~»,M,1) is a semi-hoop. It is easy
to verify that 7, = {U U{a} | U € T} U {0} is a topology on A,. Now, we prove
that (Ag,7Ts) is a topological semi-hoop. For this, we prove that ® and ~- are
continuous.

Let  ® y € U U {a}. In the following cases, we find two sets V,W € 7, such
that € V,ye Wand VoW C U U/{a}.

Case 1. If z,y € A, then 2 @ y = 2 ®y € U. Since ® is continuous,
there exist VW € T such that z € V, y e Wandz oy e VoW CU. If
z1 € VU{a} and 2z € W U {a}, then z; ® 2o € {z1 ® 22,a} C U U {a}. Hence,
VUu{a}@WuU{a} CUU{a}.

Case 2. If x =aand y € A, then x = a € {a} € Ta, y € Ay € T, and
{a} ® A, = {a} CU U{a}.

Case 3. f t =y =a, thenz =y =a € {a} € T, and {a} ® {a} = {a} €
UU{a}.

These Cases prove that (A,, ®,7,) is a topological semi-hoop.

Now, we prove that ~ is continuous. For this, let x ~ y € U U {a}. In
the following cases, we find two sets VW € 7T, such that z € V, y € W and
VW CUU{a}.

Case 1. If z,y € A, then z ~ y =2z — y € U. Since — is continuous, there
exist VW € T suchthatz e V,ye Wanda -y eV - W CU. If z; € VU{a}
and zo € W U {a}, since, for any U € T, 1 € U, then z1 ~ 29 € {21 = 292,a,1} C
UU{a}. Hence, VU {a} ~ WU {a} CUU{a}.

Case 2. fox=aandy € A, thenz =a € {a} € Ty, y € A, € T, and
{a} ~ A, = {1} CU U {a}.

Caseg 3. f z € Aand y = a, thenz € A, € Ty, y = a € {a} € T, and
Ay~ {a} ={a,1} CU U{a}.

Case 4. If x =y =a, then z =y = a € {a} € T, and {a} ~ {a} = {1} €
UU{a}.
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These Cases prove that (A,,~,7,) is a topological semi-hoop. According to
definition of M, since ® and ~- are continuous, it is clear that M is continuous, too.
Therefore, (A, 7,) is a topological semi-hoop. O

Theorem 3.5. For any n > 2 there exists a topological semi-hoop of order n.

Proof. Let A be a semi-hoop of order n > 1. It is clear that, 7 = {A,0} is a
topology on A, and so (A,7) is a topological semi-hoop. Now, suppose = ¢ A.
Define A, = AU {z}. Then by Theorem 3.4, there exist the operations M, ®,
~» and topology T, on A, such that (A4,,7;) is a topological semi-hoop. Since
T. = {0,{z}, A;}, it is clear that T, is a non-trivial topology on A,. O

Theorem 3.6. For any countable set A such that 1 € A, there exists a topological
semi-hoop algebra on A.

Proof. Consider A = {xy = 1,21,x2,...} as a countable subset and define the
operation A, ® and — on A as follows,

1 ifi>j
TiNTj =T O Tj = Tmax{i,j} and  z; = :{ o, ifi<j

z; < x; if and only if x; — z; = 1.

By routine calculation, we can see that (A,®,—, A, 1) is a semi-hoop. The set
F, = {l,21,...,z,}, for any n > 1 is a filter of A. Let B = {F, | n > 1}.
By Theorem 3.3, there is a non-trivial topology 7 on A such that (A,7) is a
topological semi-hoop. O

Theorem 3.7. Let (A,®,—,A,1,T) be a topological semi-hoop and « be a cardi-
nal number. If | A |< «, then there exists a topological semi-hoop (B, ®,~,M,1,U)
such that | B |> a, 1 € U €U and A is a subalgebra of B.

Proof. Let T be a collection of a topological semi-hoops (H,o,--+,MN,1,U) such
that for any A C H we have o 4= ®, --+|4=— and N |4= A.
The following relation is a partial order on I':

(H,0,--+,N,1,U) < (K;x,%,M,1,V) & HC K, *|g=o0,%|g=--+N|g=nN, UC V.

Let ) = {(Hi,0i,--*;,Ni, 1,U;) | i € I} be a chain in I'. Put H = |J;.; H; and
U=J;c;U. If x and y are two elements of H, since ) is a chain, then for some
1 €1, z,y € H;. Define zoy=xzo0;y,x -—-»y=x --»yand zNy =zN;y.
We prove that o, --» and N are operations on H. Suppose z,y € H; N H;. Since
>~ is a chain, H; C H; or H; C H;. Without the lost of generality, assume that
H; C Hj. Let * € {o,--»,N}. Then *; |g,= *;. So x*;y = x*;y. This proves that
* is an operation on H. Now, it is easy to see that (H,o,--+,M,1) is a semi-hoop
such that o |4= ®, --+|4=— and N |4= A.

On the other hand, since ) is a chain, I/ is a topology on H. We prove that
(H,o0,--+,M,1,U) is a topological semi-hoop. Let * € {o,--», N} and zxy € U € U.
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Then there exists an ¢ € I such that xxy = x*;y € U € U;. Since *; is continuous
in (H;,U;), there are VW € U; such that x € V, y € W and V x; W C U. This
proves that * is continuous in (H,U). Thus, (H,o,--+,N,1,U) is an upper bound
for . By Zorn’s Lemma, I' has a maximal element. Suppose (B, ®,~>,M,1,U)
is a maximal element of I'. We prove that | B |> «a. If | B |< a, then for some
non-empty set C;, | BUC |= a. Take a € C — B and put H = BU {a}. Then by
Theorem 3.4, it is easy to see that H with the following operations

r®y ifxreByeB z~y ifrxeByeB
rey= a ifre Hy=a TNy = a ifreBy=a
a ife=a,yec H 1 ifr=a,yec H

and zMy=ze(xny)

is a semi-hoop. The set D = Y/U{{a}} is a subbase for a topology V on H. Similar
to the proof of Theorem 3.4, we can see that, (H,V) is a topological semi-hoop.
But (H,e,~,M1,V) is a member of T' that (B, ®,~,M,1,U) < (H,e,~, M, V),
which is a contradiction. Therefore, | B |> a and A is a subalgebra of B. O

Theorem 3.8. Let o be an infinite cardinal number. Then there is a topological
semi-hoop of order c.

Proof. Let X be a set of cardinality a, 0,1 € X, A = {x90 = 1,21,29,...} —
a countable subset of X such that 0 ¢ A. Similar to Theorem 3.6, define the
operation A, ®, — and < on A as follows,

1 ifi>j
TiNTj =T ©Tj = Taxqijy  and  z; = x5 = { i 2]‘

z; < x; if and only if x; — z; = 1.

By routine calculation, we can see that (A,®,—,A,1) is a semi-hoop. The set
F, = {l,z1,...,z,}, for any n > 1 is a filter of A. Let B = {F,, | n > 1}.
By Theorem 3.3, there is a non-trivial topology 7 on A such that (A,7) is a
topological semi-hoop. Now, define the binary operation ®, ~» and M on X as
follows,

x—y fzeAyecA
roy freAyeA 4 %fajEA’ygéA
. 1 ife¢d Ajye A
x ifrxgAyed i
TRY = . Ty = 1 ifr,y¢d A,x=y
Yy ifeeAygA .
’ 1 ife=0,y¢ AU{0}
0 ife¢d AU{0},y=0

B 0 if x,y¢ AU{0},z#vy
and xl‘ly{ T ® (z ~y) otherwise.
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By routine calculation, we can see that (X, ®,~+,M,0,1) is a bounded semi-hoop
of order o and the set C =T U{{z} | = ¢ A} is a subbase for a topology U on
X. Since {1} ¢ U, U is a non-trivial topology on X. In the following cases we will
show that (X, ®,~,M,U) is a topological semi-hoop. For this, let z®@y € U € C.

Case 1. If z,y € A, thenz®y =20y € U € 7. Since ® is continuous in
(A, T), there are VW € T containing z,y, respectively, such that Vo W C U.
Hence, V @ W C U, which implies that ® is continuous in (X, ).

CasE 2. If x ¢ Aand y € A, then z ® y = {z} C U. Now {z} and A, both,
belong tof and z € {z},y€ Aand {z} @ A={z} CU.

Cast 3. If x € A and y ¢ A, then A and {y} are two elements of U/ such that
v€A ye{ytandz®y={y}, andso A® {y} ={y} CU.

CasE 4. If 2,y ¢ A, then z ® y = {0} C U. Then {z} and {y} are two open
sets in U which contains z,y, respectively, and {z} ® {y} = {0} C U.

These Cases prove that (X, ®,U) is a topological semi-hoop.

Now, we prove that ~~ is continuous. For this, let x ~» y € U. In the following
cases, we find two sets V,W € U such that c € V,ye Wand V ~~ W CU.

CAsE 1. If z,y € A, then z ~y =z — y € U € T. Since — is continuous in
(A, T), there are VW € T containing z,y, respectively, such that V" — W C U.
Hence, V ~» W C U, which implies that ~> is continuous in (X,U).

Case 2. Ifx € Aand y ¢ A, then x ~ y = {y} C U. Thus, A and {y}
are two elements of U such that x € A, y € {y} and =z ~ y = {y}, and so
A~-{yt={yy cU.

CasE 3. If x ¢ Aand y € A, then x ~ y = {1} CU. Now {z} and A, both,
belong to U and = € {z}, y € Aand {z} ~» A= {1} CU.

Case 4. If z,y ¢ A and x =y, then & ~ y = {1} C U. Then {z} is an open
set in & which contains x and {z} ~ {z} = {1} C U.

CasE 5. If 2,y ¢ AU{0} and = # y, then & ~» y = {1} C U. Then {z} and {y}
are two open sets in U/ which contains z, y, respectively, and {z} ~ {y} = {1} C U.

Case 6. If z =0 and y ¢ AU {0}, then « ~» y = {1} C U. Then {0} and {y}
are two open sets in U/ which contains z, y, respectively, and {z} ~ {y} = {1} C U.

Case 7. If x ¢ AU{0} and y =0, then z ~» y = {0} C U. Then {z} and {0}
are two open sets in I/ which contains z, y, respectively, and {x} ~ {y} = {0} C U.

These Cases prove that (X,~-,U) is a topological semi-hoop. According to
definition of I, since ® and ~» are continuous, then M7 is continuous, too. Therefore,
there is a topological semi-hoop of order a. O

Theorem 3.9. Let o be an infinite cardinal number. Then there is a right topo-
logical semi-hoop of order o, which is not a topological semi-hoop.

Proof. Let A be a set with cardinal number « such that 0,1 € A. Consider a
countable subset A; = {xg = 1,21, 22,...} of A and define

1 ifi>j

TiNTj =2 ©Tj = Tyaxfiyy  and xi%xj{x‘ iti<
J
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z; <z ifand only if 2; = 2; =1

By routine calculations, we can see that (A;,®,—,A,1) is a semi-hoop. If
U; = {xs,xiy1,Ti42,...}, then B ={U; |i=1,2,3,...} is a base for a topology
Ta, on A;. We prove that (A;,®,—,A,1,7T4,) is a right topological semi-hoop.
For this, let z; ®x; € U € Ta,. If i < j, then x; ©x; = 2; € U. Since x; € U;, we
have z; € U; NU, then z; ©x; = 2; © (U;NU) = U;NU C U. By the similar way,
ifi > j, then z; ®x; = z; € U. Since ® is commutative, z; O x; € x; © (U;NU) =
U;NU CU. Hence, (A1,®,Ta,), and so (A1, ®, A, Ta, ) is a topological semi-hoop.
Now, suppose z; = x; € U € Ta,. If i > j, then 2; = x; =1 € U. Since A, is
only open neighborhood of {1}, U = A;. Clearly, z; € A; and z; — Ay C A, =U.
If i < j, then ; = x; = x; € U. Since B is a base for 74,, z; € U; C U. Since
i < j,x; — Uj =U; CU. Therefore, (A1,—,7Ta4,) is a right topological semi-
hoop. But this space is not a topological semi-hoop, because z; € Uy, zo € Us
and &1 — x9 = x9 € Uy, but 1 = 29 — w9 € U; — Uy ¢ Us. Similar to Theorem
3.8, let A with the following operations,

r—y feeA,yed
' ifreA,y¢A
rOy ifrecA,yeA ?{ ;f§¢Alz§Al
- T ifed Ar,ye Ay 1) — 1 if ¢ ¢1;4 :CZl
Y=Y oy ifzedLygd YT Ao}
v ifx¢A, i 1 ifr,y¢ AAU{0}z#y
1,Y 1 1 ifx=0,y¢ A, U{0}
0 ifx¢g A U{0},y=0
B 0 if z,y¢ AU{0},z#y
and xl‘ly—{ T ® (z ~y) otherwise.

Then (A, ®,~»,M,0,1) is a bounded semi-hoop. As the proof of Theorem 3.8, we
can prove that B = Ta, U{{z} |« ¢ A1} is a subbase for a topology U on A such
that (A, ®,~»,M,0,1,U) is a right topological bounded semi-hoop. But ~- is not
continuous in (A,U), because — is not continuous in (A, 74, ). O

4. Hausdorff topological semi-hoops

Theorem 4.1. Let (A, T) be a topological semi-hoop and F(A) a basis of T.
Then, for all x € A, 2% = x if and only if (A, T) is a Ty-space.

Proof. (=) Let 22 = x, for all x € A. Then 2™ = x, for all n € N. Suppose
z,y € Aand z # y. Since F(A) is a basis of T, the filters (x) and (y) are two
open neighborhoods of = and y, respectively. If y € (z) and « € (y), then there
exist n,m € N such that 2" < y and y™ < z. Hence, x < y and y < z, and so
x =y, which is a contradiction.

(<) Let (A, T) be a Ty-space and = € A. If 2% # z, then there exists U € F(A)
such that z € U and 22 ¢ U or there exists V € F(A) such that z ¢ V and
z? € V. But both statements are not correct, because U and V € F(A). O
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Theorem 4.2. Let (A, T) be a topological semi-hoop and U be an open neighbor-
hood of 1. Then,

(1) if for each x € A, U — x is an open neighborhood of x, then (A,T) is
To-space,
(i7) if for each x € A, UGz is an open neighborhood of x, then (A, T) is Ty-space.

Proof. (i). Let z,y € Aand x #y. Then U - 2z € T and U —» y € T. If
x €U — yand y € U — x, then by Proposition 2.2(v), y < « and = < y. Hence,
x =y, which is a contradiction. Therefore, (A, T) is Ty-space.

(#7). The proof is similar (7). O

Theorem 4.3. Let (A,—,T) be a topological semi-hoop. Then (A,—,T) is Ty-
space if and only if for any 1 # x© € A, there exist U € T such that x € U and
1¢U.

Proof. Let x,y € A and z # y. Then x — y # 1 or y — x # 1. Without the lost
of generality, suppose x — y # 1. Then there exist a U € T such that © — y € U
and 1 ¢ U. Since — is continuous, there are P, € 7 such that x € P, y € Q and
P—->QCU. Ifze@,thenl=2—2€ P — @ CU, which is a contradiction.
So, ¢ Q. Hence, (A, —,T) is Tyo-space. The proof of converse is clear. O

Theorem 4.4. If « is an infinite cardinal number, then there is a Ty topological
semi-hoop of order o, which it’s topology is non-trivial.

Proof. Let (A,®,—,A,T) and (X, ®, ~,M,U) be topological semi-hoops in Theo-
rem 3.8. It is clear that U is non-trivial. Let x € X — {1}. If 2 € A, then for some
n>1,z¢F, Hence,z€x/F,elUand 1¢ x/F,. Hx¢ A, thenz € {z} el
and 1 ¢ {z}. Now, by Theorem 4.3, (X, ®,~>,M,U) is a topological semi-hoop of
order a. O

In the next example, we have a topological semi-hoop that is T;-space.

Example 4.2. Let A be a U-semi-hoop such that 22 = z, for all € A. Suppose
A ={rx € Az >a} and B={A, | a € A}. We claim that B is a basis of a
topology on A. For this, it is clear that z € A, for all z € A. Suppose z € A,NAy,
for a,b € A. Then a < x and b < z. Since A is a Ll-semi-hoop, we have a Ub < x,
and so v € Ay p. Also, if z € Ay, then a,b < alUb < x. Hence, x € A, N Ap.
Thus, A, N Ay = Aqp- Therefore, B is a basis of a topology 7 on A. Now, we
prove that (A,®,7T) is a T topological semi-hoop. For this, let z,y,c € A such
that 2 © y € A.. Then ¢ < x ®y. By Proposition 2.2(ii), ¢ < ¢ ©®y < z,y, then
z,y € Ac. Thus, x Oy € A, ® A.. Let z € A, ©® A.. Then there exist a,b € A,
such that z = a ® b. Since a,b > ¢, we have a ® b > ¢ ® ¢. Then by assumption,
a®b>c Hence, z=a®bec A, and so A. © A, C A.. Then (A,,7T) is a
topological semi-hoop. Now, suppose =,y € A such that x # y. Then z € A, and
ye Ay, Ifye A, and z € Ay, then z < y and y < 2. This implies that = y,
which is a contradiction. Therefore, (A, ®,T) is a Ty topological semi-hoop.
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Theorem 4.5. Let (A,—,T) be a topological semi-hoop. Then (A, T) is a T1-
space if and only if it is a Ty-space.

Proof. Let (A,T) be a Ty-space and x # y. Then 2 - y # lory — x # L.
Without the lost of generality, suppose  — y # 1. Then there exist a U € T
such that t -y € Uand 1 ¢ Uor z — y ¢ U and 1 € U. First assume that
x —y €U and 1 ¢ U. Since — is continuous, there are P,Q) € T such that
re€PycQand P—-QCU. fzxe@,thenl =2 —2x€ P— @ CU, which
is a contradiction. Similarly, y ¢ P. Now, if 1 € U and « — y ¢ U, then since
l=2—>x=y—y €U, there are V,IW € T such that x € V and y € W such
that V - VCUand W - W CU. Ifye V,thenx -y €V — V C U, which
is a contradiction. Similarly, ¢ W. Therefore, (A, T) is a Ti-space. The proof
of converse is clear. O

Corollary 4.6. If « is an infinite cardinal number, then there is a Ty topological
semi-hoop of order o which it’s topology is non-trivial.

Proof. By Theorems 4.4 and 4.5, the proof is clear. O

Theorem 4.7. Let (A,—,T) be a topological semi-hoop. Then the following state-
ments are equivalent:

(1) (A,—,T) is Hausdorff.
(17) {1} is closed.
(#it) for any 1 # x € A, there exist two open sets U and V of 1 and x, respectively,
such that UNV = 0.

(v) (A,—,T) is T1-space.

Proof. (i) = (ii). Since A is Hausdorff, it is clear that {1} is closed.

(#7) = (i13). Let {1} be closed and z # 1. Then 1 wx =2 € A— {1} € T.
Since — is continuous, there exist two open neighborhoods U and V of 1 and =z,
respectively, such that U = V C A—{1}. Ifze UNV,thenl =2 5 2€ U —
V C A— {1}, which is a contradiction. Therefore, U NV = ().

(#i1) = (iv). Let ,y € A and  #y. Then ¢ — y # 1 or y — = # 1. Without
the lost of generality, suppose x — y # 1. By (iii), there exist two disjoint open
sets U and V which contain x — y and 1, respectively. Since — is continuous,
there are P,QQ € T such that x € P, y € Q and P —» Q C U. If x € @Q, then
l=xz—x € P — Q CU, which is a contradiction. So, x ¢ Q. Similarly, y ¢ P.
Hence, (A, —,T) is T1-space.

(iv) = (7). Let z,y € Aand x # y. Then x -y # 1 or y — = # 1. Without
the lost of generality, suppose z — y # 1. Since T is a Tj-space, there exist two
open neighborhoods U and V' of x — y and 1, respectively, such that 1 ¢ U and
x — y ¢ V. Since — is continuous, there exist P,@Q € T such that z € P,y € Q
and P> Q CU. If z€ PNQ, then 1 = z — 2z € U, which is a contradiction,
and so PN Q = (). By the similar way, other case is clear. Therefore, (A, —,T) is
Hausdorft. O
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Corollary 4.8. If « is an infinite cardinal number, then there is a Hausdorff
topological semi-hoop of order o, which it’s topology is non-trivial.

Proof. By Corollary 4.6 and Theorem 4.7, the proof is clear. O

Suppose A is a semi-hoop algebra and F' is a proper filter of A. Define > =
{UeF(A) |3 F e F(A) such that F CU} and f: > — F(A/F) is a map such
that f(U) =U/F, for all U € Y. Then it is easy to prove that f is a one to one
corresponding among > and F(A/F).

Let T be a topology on semi-hoop algebra A, F € F(A) and 7 : A < A/F be
canonical epimorphism. Then the set 7 = {U C A/F | x=1(U) € T} is a topology
on A/F. T is called quotient topology.

It is easy to see that 7p : (4, 7) < (A/F,T) is continuous. Also, it is easy to
prove that if x € {®, =, A} and (A, x,T) is a topological semi-hoop algebra, then
(A/F, *,’7~') is a topological quotient semi-hoop algebra provided np : A — A/F
is an open map.

Proposition 4.9. Let (A,—,T) be a topological semi-hoop, F € F(A) and T be
quotient topology on A/F. If tp : A — A/F is an open map, then

(i) F is open if and only if (A/F,T) is discrete.
(i) F is closed if and only if (A/F, %,’7’) is Hausdorff.

Proof. (i). Let F be open. Since np : A — A/F is an open map, the set
7#(F) = 1/F belongs to 7. Since (A/F,—,T) is a topological semi-hoop, by
Theorem 3.2, (A/F,T) is discrete. Conversely, suppose (A/F,T) is discrete. Then
1/F is an open set. Since mp : A < A/F is continuous, F = np"1(1/F) € T.

(i4). (=) By assumption, F' is closed, then F* is open. Thus, for any x,y € A,
if x — y € F¢, then there are two open neighborhood U and V of x and y,
respectively, such that U — V C F€, because — is continuous. Also, since 7 is
open, so 7(U) and 7 (V') are two open neighborhoods of 2/ F and y/F', respectively,
such that 7(U) — (V) C n(U — V) C «n(F°). If z/F € n(U) Nn7w(V), then
1/F=2z/F = z/F € n(U) = n(V) C n(F°), which is a contradiction. Therefore,
(A/F,—,T) is Hausdorft.

(<) Since A/F is Hausdorff, the set {1/F} is closed in A/F, and so F =
7 Y(1/F) is closed in A. O

5. Connected topological semi-hoop

A topological space A is said to be disconnected if it is the union of two disjoint
non-empty open sets. Otherwise, A is said to be connected. Also, (A, T) is called
locally connected at x € A, if for every open subset V' containing x, there exists
a connected, open subset U with x € U C V. Connected component, a maximal
subset of a topological space that can not be covered by the union of two disjoint
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open sets. The components of any topological space X form a partition of X,
they are disjoint, non-empty, and their union is the whole space. A topological
space X is totally disconnected if the connected components in X are the one-point
sets. Also, we know that the image of a connected space under a continuous map
is connected and a finite cartesian product of connected spaces is connected (cf.

[10]).

Proposition 5.1. Let (A,T) be a topological semi-hoop. If C is connected com-
ponents of 1, then C' is a closed filter of A.

Proof. Let C be connected component of 1 and z € C. Since ® is continuous, x®C'
is a connected set which contains z. Since z € (x®C)NC, the set (xt©C)UC is a
connected set containing 1. Hence, (z®C)UC C C. This implies that z©C C C,
so Co®C C C. Now, suppose ¢ < y and x € C, then 1 =z - y € C — .
Since — is continuous, C' — y is a connected set. Hence, C — y C C. So,
y=1—yeC —y CC. Therefore, C is a filter of A. Since C is component,
clearly it is closed. O

Recall a semi-hoop A is locally finite if only filters of A are {1} and A.

Theorem 5.2. Let (A,T) be a topological locally finite semi-hoop. Then (A, T)
1s connected or totally disconnected.

Proof. Suppose (A,T) is not connected. Let C be connected component of 1.
Then by Proposition 5.1, C' is a closed filter of A. Since (A, T) is not connected,
C = {1}. Let C, be connected component of x € A. Since — is continuous,
z — C, is a connected set containing 1 = = — z. Hence, z — C, C C = {1}.
Thus, x — C, = 1. By the similar way, C;, — = = 1. This implies that C, = {«},
and so (4, T) is totally disconnected. O

Lemma 5.3. Let A be a semi-hoop and F € F(A). Then x ®a =y ®b, for some
a,b € F if and only if x/F = y/F in A/F.

Proof. (=) Let x®a = y®b, for some a,b € F. Since z®a < y©®b, by Proposition
22(),a <z — (y©b). Since FF € F(A) and a € F, by (F2), z — (y©b) € F.
Moreover, by Proposition 2.2(ii) and (v), y©b< y,andsoz = (y®@b) <z — y.
Since F' € F(A) and z — (y®b) € F, by (F2), x — y € F. By the similar way,
y — x € F. Therefore, z/F = y/F.

(«<) Let «/F = y/F, for z,y € A. Thenz — y € F and y — = € F. Thus,
there exists a € F such that y — z = a. Since ¢ — (y — z) = 1, by (SH3),
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[a® (@ —y)] = [z = (a®y)] by (SH3)
(z—=y)—=la—(z—(a0y)] by (SH3)
= (@—=y) > [(z0a) = (a®y))] by (SH3)
= (z—=>y)—>[r—=(a—=(a0y))] by (SH3)
= (zo0(x—y) = (a— (a®@y)) by Proposition 2.2(iv) and (vi)
> y—=(a—(a0y)) by (SH3)
= (a0y) = (aOy)

1

Then a ® (z — y) < * = (a ®y). Since F € F(A), a,x — y € F, by (F1),
a®(x —y) € Fand by (F2), 2 — (a®y) € F. Then there exists b € F such that
r— (a®y)=>. Thus, b = [r = (a©y)] =1. By (SH3), (bOz) = (aOy) =1,
and so bOx < a®y. By the similar way, a©y < b®z. Therefore, a©Oy = boz. O

Proposition 5.4. Let (A, T) be a topological semi-hoop and C be a connected
component of 1 in A. Then the following statements hold,
(i) if D is a closed subset of A/C such that 7=1(D) is disconnected, then D is
disconnected,

(i1) if (A, T) is disconnected, then (A/C,T) is disconnected.

Proof. (i). 7=Y(D) = XUY, where X, Y are two non-empty disjoint closed subsets
of #=1(D) and hence, A. It is clear that X C 7 1(7(X)). Let 2z € 7~ 1(n(X)).
Then there exists € X such that /F = z/F. By Lemma 5.3, 2 ®a = 2z ® b,
for some a,b € C. Given C, and C,, two connected component of = and z,
respectively. Then t©a € 0 C C Cp and z0b € z0C C C,. Since zOb =z ®a,
C,NC, # 0. Hence, C, U, is connected. This means that C, = C,, and so
z € X. Therefore, X = 7~!(w(X)). Since X is closed in A, 7(X) is closed in A/C.
By the similar way, Y = 7~ 1(7(Y)) and 7(Y) is a closed subset of A/C. On the
other hand, 7= 1(7(X) N7(Y)) = X NY = ) implies that 7(X)N=(Y) = 0. So,
D =7n(X)Un(Y), where 7(X) and 7(Y") are two disjoint closed subsets of A/C.
Hence, D is disconnected. B
(ii). Let (A,T) be disconnected. Since 7~1(A4/C) = A, by (i), (A/C,T) is
disconnected. O

Theorem 5.5. Let (A, T) be a topological semi-hoop, C be a connected component
of lin A and w: A — A/C be open canonical epimorphism. Then A/C is totally
disconnected.

Proof. Let C be the connected component of 1 in A. Then by Proposition 5.1,
C is a closed filter of A. Let K be a connected component of 1/C in A/C.
If 1/C # x/C, for some z/C € A/C, then C is a proper subset of 7—1(K).
Hence, 7~!(K) is not connected. Since K is closed in A/C, by Proposition 5.4,
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K is disconnected, which is contradiction. Therefore, K = {1}. Suppose K, is
connected component of z/C in A/C. Since — is continuous in A/C, K, — z/C
is connected and 1/C € K, — 2/C. Then K, — z/C C K = {1/C}. Similarly,
z/C = K, C K = {1/C}. Hence, for each y/C € K., y/C — x2/C = 1/C and
x/C — y/C =1/C. So, x/C = y/C. This implies that K, = {x/C}. Therefore,
A/C is totally disconnected. O
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