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On generalized bi-I'-ideals in ['-semigroups

Abul Basar and Mohammad Yahya Abbasi

Abstract. We study generalized bi-I'-ideals, prime, semiprime and irreducible generalized bi-I'-
ideals in I'-semigroups.

1. Introduction

Let S and I' be two nonempty sets. Then a triple of the form (S,T',-) is called a
I'-semigroup, where - is a ternary operation S xI'x S — S such that (z-a-y)-8-z =
x-a-(y-p-z) foral z,y,z€ S and all o, 5 €T.

We will denote (S,T,) by S and a -~ -b by avb.

Definition 1.1. A nonempty subset B of S is called
e a sub-I"-semigroup of S if avyb € B, for all a,b € B and v € T,
e a generalized bi-I'-ideal of S if BI'STB C B,
e a bi-I'-ideal of S'if BI'STB C B and BI'B C B.

A T-semigroup S is called a gb-simple if it does not contain the proper gener-
alized bi-T'-ideal.

Definition 1.2. A generalized bi-I'-ideal B of a I'-semigroup S is
e prime if B1I'By, C B implies By C B or By C B,
e strongly prime if B1I'By N BoI'B; C B implies By C B or By C B,
e irreducible if By N By = B implies By = B or By = B,
o strongly irreducible if B; N By C B implies By C Bor Bo C B
for any generalized bi-I'-ideals B; and B; of S.

A quasi I'-ideal is prime if it is prime as a bi-I'-ideal.
Definition 1.3. A generalized bi-I'-ideal B of S is

e semiprime if B{I'By C B implies that By C B
for any bi-I'-ideal B; of S.

Other definition one can find in [1] and [2].
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2. Properties of generalized bi-I'-ideals

Lemma 2.1. The smallest generalized bi-I"-ideal of a T'-semigroup S containing
a nonempty subset T of S has the form T UTTSTT

Proof. Let B=TUTTSTT. Then T C B. So,

BT'STB = (TUTTSTT)IST(TUTTSTT)
C[T(CST)(TUTTSTT)| U [TTSTT(TST)(T UTTSTT))
CITrTsSn)yTUT@ST)TTSTT|U[ITTSTT(CST)TUTTSTT(TST)TTSTT
C[TTSTTUTTSTT|U[TTSTT UTTSTT)
=TTSTT CTUTTSTT = B.

Hence B =T UTTSTT is a generalized bi-I'-ideal of S.

To prove that B is the smallest generalized bi-I-ideal of S containing T" suppose
that G is a generalized bi-I'-ideal of S containing 7. Then TT'STT C GI'STG C G.

Therefore, B =T UTTSTT C G. Hence B is the smallest generalized bi-I'-ideal
of S containing 7. O

The smallest generalized bi-I'-ideal of S containing T" will be denoted by (7).

Lemma 2.2. Suppose that A is a sub-I'-semigroup of a T'-semigroup S, s € S and
(sSTATs)N A # (. Then (sTAT's) N A is a generalized bi-I'-ideal of A.

Proof. Indeed,

(sTATs N A)TAT(sTATsN A) C [(sTAT's)TAN AT AT (sTAT's N A)
(sSTATS)IAN AI(sTA's N A)
[(sSTATSTA)T'(sT'AT's)] N [AT(sTAT's N A)]]
(sTAT's) N (ATsT'AT's)| N A

sI'AT's) N A.
Hence (sT'AT's) N A is a generalized bi-T-ideal of A. O
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Theorem 2.3. For a I'-semigroup S the following assertions are equivalent:
(i) S is a gb-simple T'-semigroup,
(i1) sT'STs =S forall s € S,

(7i1) (s) =S8 for alls€ S.

Proof. (i) = (ii). Let S be a gb-simple I'-semigroup and s € S. Then sI'ST's is a
generalized bi-T'-ideal of S. As S is a gb-simple I'-semigroup, sI'ST's = S.
(13) = (#i2). If sST'ST's = S for all sin S, then, (s) = {s}UsI'STs = {s}US = S.
(7ii) = (7). Let (s) = S, for all s € S, and assume B is a generalized bi-I'-ideal
of S and s € B. Then (s) C B. By our hypothesis, we obtain S = (s) C B C §.
So, S = B. Hence S is a gb-simple I'-semigroup. O
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Theorem 2.4. A bi-I'-ideal B of a T'-semigroup S is a minimal generalized bi-T'-
ideal of S if and only if B is a gb-simple I'-semigroup.

Proof. Let B be a minimal generalized bi-I'-ideal of S. By our hypothesis, B is a
I'-semigroup. Suppose D is a generalized bi-I'-ideal of B. Then DI'BT'D C D C B.
As B is a generalized bi-I'-ideal of S, we obtain DI'BI'D is a generalized bi-I-ideal
of S. As B is a minimal generalized bi-I'-ideal of S, we obtain DI'BI'D = B. So,
we have B = D. Therefore, B is a gb-simple I'-semigroup.

Conversely, let B be a gb-simple I'-semigroup. Suppose D is a generalized bi-
I'-ideal of S so that D C B. Then DI'BI'D C DI'STD C D. So D is a generalized
bi-I'-ideal of B. As B is a gb-simple I'-semigroup, we obtain B = D. Hence B is
a minimal generalized bi-I-ideal of S. O

Theorem 2.5. Every generalized bi-I'-ideal of a I'-semigroup S is a bi-I'-ideal of
S if and only if xay € {z,y}TST{x,y}, for every z,y € S and a« € T,

Proof. Suppose S is a I'-semigroup in which every generalized bi-I'-ideal is a bi-
I'-ideal. Then, for every x,y € S, the generalized bi-I-ideal generated by subset
{z,y} is given by {x,y} U {z,y}'ST{z,y} which is a bi-T-ideal of S, so we have
zay € {z,y}I'ST{z, y}.

Conversely, if x, y are elements of a generalized bi-I-ideal B of S, then we have
zay € BI'ST'B C B. Hence B is a bi-I'-ideal of S. O

3. Prime and irreducible generalized bi-I'-ideals

Proposition 3.1. A semiprime generalized bi-I'-ideal of S is a quasi-I'-ideal of

S.

Proof. Suppose that B is semiprime and let z € (ST'B N BI'S). Then zI'STz C
(BT'S)I'ST(STB) = BI'STB C B and since B is semiprime, we obtain = € B.
Hence B = STBN BI'S. O

Proposition 3.2. A T'-semigroup S is regular if and only if every generalized
bi-I'-ideal of S is semiprime.

Proof. Let S be regular and suppose that B is any generalized bi-I'-ideal of S.
If b ¢ B, then b € sI'ST's, so we obtain sI'ST's ¢ B and hence B is semiprime.
Conversely, if every generalized bi-I'-ideal of S is semiprime, then so is B = sI'ST's
for any s € S. As sI'ST's C B, we obtain b € B and hence S is regular. O

Proposition 3.3. The intersection of any nonempty family of prime generalized
bi-I'-ideals of a T'-semigroup is a semiprime bi-I'-ideal.

Proof. Suppose that S is a I-semigroup and P = {P | P is a prime generalized
bi-I-ideal of S}. As 0 € P, for all P € P, we obtain 0 € (\P. Thus P # 0.
Suppose ¢ € (P)I'ST(P). Then g = qyasBqa, for some ¢1,92 € ((P,s € S
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and «, 8,7 € I'. Thus ¢ = quasfBqy € PTSTP C P, for all P € P. Therefore,
g € NP. So (NP)L'ST(NP) C NP. Therefore, (P is a generalized bi-I'-ideal
of S. Suppose B be a generalized bi-T'-ideal of S such that B? C (\P. We have
B? CP, for all P € P. As P is a prime generalized bi-T-ideal of S, we obtain
B C P, for all P € P. Thus B C [\P. Hence (P is a semiprime generalized
bi-I'-ideal of S. O

Proposition 3.4. A prime generalized bi-I'-ideal is a prime one-sided I"-ideal.

Proof. Let STB ¢ B and BT'S ¢ B. Since B is prime, it follows that B'STB =
(BT'S)I'ST(STB) ¢ B, which is a contradiction. Hence B is a prime one-sided
I'-ideal. O

Corollary 3.5. A quasi-I'-ideal of S is a prime one-sided I'-ideal of S. O

Proposition 3.6. A generalized bi-I'-ideal B of a I'-semigroup S is prime if and
only if RUL C B implies R C B or L C B, where R and L are right and left
I'-ideal of S.

Proof. If B is prime and RTL C B with R ¢ B, then for every r € R\ B,
rI’'STI C B, for all [ € L, therefore L C B. Conversely, if B is not prime,
there exists a,b ¢ B such that aI'STb C B. But then (aI'S)I'(STb) C B and
al'S, STb ¢ B. O

Proposition 3.7. If a bi-I'-ideal B of S is prime, then
I(B)={s € B|ST'sI'S C B}
is a prime I'-ideal of S.

Proof. Suppose B is prime and let JiI'Jo C I(B), for two-sided ideals J; and Js.
Then, since J1I'Jy C B, by Proposition 3.6, J; C B or Jo C B. Now I(B) is the
largest T'-ideal in B, it follows that Jy C I(B) or Jy C I(B). O

Theorem 3.8. Every strongly irreducible, semiprime generalized bi-I'-ideal of a
I'-semigroup S is a strongly prime generalized bi-I"-ideal.

Proof. Let B be a strongly irreducible semiprime generalized bi-I'-ideal of S. Sup-
pose that By, B are generalized bi-I'-ideals of S such that BiI'Bo N BoI'B; C B.
As (Bl N 32)2 g BerQ and (Bl N 32)2 g BQFBl, it follows that (B1 N 32)2 Q
BI'B, N BoI'By € B. As B is semiprime, we obtain By N By C B and since B is
strongly irreducible, we obtain B; C B or Bo C B. Hence B is a strongly prime
generalized bi-I'-ideal of S. O

Theorem 3.9. For any generalized bi-I'-ideal B of a T'-semigroup S and any
s € S\ B there exists an irreducible generalized bi-T'-ideal J of S such that B C J
and s & J.
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Proof. Suppose GBg = {B; | B; is a generalized bi-I'-ideal of S and B C B;
and s ¢ B;}. Obviously, B € GBp and so GBg # (. We have GBp is a
partially ordered set under inclusion. Suppose C is a chain of GBg. Suppose
ce (UC)LSI(JC). Then ¢ = ¢ asfec’, forsome ¢ ¢’ €|JC,se Sanda,B eT.
Therefore, ¢ € Byand ¢ € B», for some By,By € C. As C is a chain of GBp,
we obtain By and By are comparable. Thus B; C By or B; C By; so cl,c” € B
or cl,c” € Bs. As B; and B, are generalized bi-T-ideals of S, it follows that
c= clasﬂc// € BiI'STB; C By CJYCorc= clasﬂc// € B,I'STBy, C By C |JC.
Therefore, ¢ € |JC, so |JC is a generalized bi-I'-ideal of S. As s ¢ C, for all
¢ € C, we obtain s ¢ | JC. Obviously, B C | JC. Therefore, | JC € GBp. We have
C C|JC, for any ¢ € C. Therefore | JC is an upper bound C in GBp. By Zorn’s
Lemma, there exists a maximal element J € GBpg. Therefore, J is a generalized
bi-I-ideal of S such that B C J and b ¢ J. Suppose P and @ are generalized
bi-I'-ideals of S such that PNQ = J. Let P # J and Q # J. Then J = PNQ C P
and J=PNQCQ. SoBCJCPand BCJCQ. Ifsé¢ P, then C € GBp.
This is a contradiction since J is a maximal element of GBp, therefore s € P. In
a similar fashion, we obtain s € . Thus s € PN = J which is not possible.
Therefore, P = J or Q = J. Hence J is an irreducible generalized bi-I'-ideal. O

Theorem 3.10. For a I'-semigroup S the following statements are equivalent:
(1) S is regular and intra-regular T-semigroup.
(i¢) BT'B = B for every generalized bi-T'-ideal B of S.
(#it) By N By = BiI'Ba N BoT'By for all generalized bi-T'-ideals By and Bs of S.
)
)

(iv) Every generalized bi-I'-ideal of S is semiprime.

(v

Every proper generalized bi-I'-ideal B of S is the intersection of irreducible
semiprime generalized bi-I'-ideals of S containing B.

Proof. It follows by Theorem 3.9 [3]. O

Theorem 3.11. A generalized bi-I'-ideal of a regular and intra-regular I'-semigroup
is strongly irreducible if and only if it is strongly prime.

Proof. Follows by Proposition 3.10 [3]. O

Theorem 3.12. In a I'-semigroup S each generalized bi-I'-ideal is strongly prime
if and only if S is reqular, intra-regular and the set of generalized bi-I"-ideals of S
is a totally ordered under inclusion.

Proof. If each generalized bi-I'-ideal of S be strongly prime, then each generalized
bi-I'-ideal of S is semiprime. Hence, by Theorem 3.10, S is a regular and intra-
regular I'-semigroup. Thus the set of all its generalized bi-I-ideals is partially
ordered by inclusion. If By and By are generalized bi-T'-ideals of S, then By N By =
B1I'Bs N BoI'By, by Theorem 3.10. As By N By is a strongly prime generalized bi-
I'-ideal, we obtain By C B1NBy or By C B1NBsy. If By C B1N By, then B; C Bs.
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If B, C By N By, then By C B;. Thus the set of all generalized bi-I'-ideals of S is
totally ordered by inclusion.
The converse statement is a consequence of Theorem 3.12 in [3]. O

Theorem 3.13. If the set of all generalized bi-I'-ideals of a T'-semigroup S is a
totally ordered by inclusion, then S is both regular and intra-reqular if and only if
each generalized bi-I'-ideal of S is prime.

Proof. By Theorem 3.13 in [3], each generalized bi-T-ideal of S is prime.
Conversely, if each generalized bi-I-ideal of S is prime, then it is semiprime.
Theorem 3.10 completes the proof. O

Theorem 3.14. For a I'-semigroup S the following statements are equivalent:
(i) The set of all generalized bi-I'-ideals of S is totally ordered by inclusion.
(ii) Every generalized bi-I'-ideal of S is strongly irreducible.

(ii7) Ewvery generalized bi-I'-ideal of S is irreducible.

Proof. (i) = (ii). Let B, By, By be generalized bi-T'-ideals of S such that ByNBy C
B. Then by (i) we obtain By C By or By C B;. Therefore By = B; N By C B or
By = B; N By C B. Hence S is strongly irreducible.

(#4) = (#it). Let By, Bs be generalized bi-T'-ideals of S such that By N By = B
for some strongly irreducible generalized bi-I'-ideal B. Then B C B; and B C Bs.
By the hypothesis, we obtain By C B or B, C B. So By = B or By = B. Hence
B is irreducible.

(#i) = (4). Suppose that By, By are generalized bi-I-ideals of S. Then By N B,
also is a generalized bi-I'-ideal of S and by the assumption, By = By N By C By
or By = By N By C By. Therefore By C By or By C By. This proves (7). O
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