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On generalized bi-Γ-ideals in Γ-semigroups

Abul Basar and Mohammad Yahya Abbasi

Abstract. We study generalized bi-Γ-ideals, prime, semiprime and irreducible generalized bi-Γ-

ideals in Γ-semigroups.

1. Introduction

Let S and Γ be two nonempty sets. Then a triple of the form (S,Γ, ·) is called a
Γ-semigroup, where · is a ternary operation S×Γ×S → S such that (x·α·y)·β ·z =
x · α · (y · β · z) for all x, y, z ∈ S and all α, β ∈ Γ.

We will denote (S,Γ, ·) by S and a · γ · b by aγb.

De�nition 1.1. A nonempty subset B of S is called

• a sub-Γ-semigroup of S if aγb ∈ B, for all a, b ∈ B and γ ∈ Γ,

• a generalized bi-Γ-ideal of S if BΓSΓB ⊆ B,
• a bi-Γ-ideal of S if BΓSΓB ⊆ B and BΓB ⊂ B.

A Γ-semigroup S is called a gb-simple if it does not contain the proper gener-
alized bi-Γ-ideal.

De�nition 1.2. A generalized bi-Γ-ideal B of a Γ-semigroup S is

• prime if B1ΓB2 ⊆ B implies B1 ⊆ B or B2 ⊆ B,
• strongly prime if B1ΓB2 ∩B2ΓB1 ⊆ B implies B1 ⊆ B or B2 ⊆ B,
• irreducible if B1 ∩B2 = B implies B1 = B or B2 = B,

• strongly irreducible if B1 ∩B2 ⊆ B implies B1 ⊆ B or B2 ⊆ B
for any generalized bi-Γ-ideals B1 and B2 of S.

A quasi Γ-ideal is prime if it is prime as a bi-Γ-ideal.

De�nition 1.3. A generalized bi-Γ-ideal B of S is

• semiprime if B1ΓB1 ⊆ B implies that B1 ⊆ B
for any bi-Γ-ideal B1 of S.

Other de�nition one can �nd in [1] and [2].
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2. Properties of generalized bi-Γ-ideals

Lemma 2.1. The smallest generalized bi-Γ-ideal of a Γ-semigroup S containing

a nonempty subset T of S has the form T ∪ TΓSΓT

Proof. Let B = T ∪ TΓSΓT . Then T ⊆ B. So,

BΓSΓB = (T ∪ TΓSΓT )ΓSΓ(T ∪ TΓSΓT )

⊆ [T (ΓSΓ)(T ∪ TΓSΓT )] ∪ [TΓSΓT (ΓSΓ)(T ∪ TΓSΓT )]

⊆ [T (ΓSΓ)T∪ T (ΓSΓ)TΓSΓT ]∪[TΓSΓT (ΓSΓ)T∪ TΓSΓT (ΓSΓ)TΓSΓT ]

⊆ [TΓSΓT∪ TΓSΓT ] ∪ [TΓSΓT ∪ TΓSΓT ]

= TΓSΓT ⊆ T ∪ TΓSΓT = B.

Hence B = T ∪ TΓSΓT is a generalized bi-Γ-ideal of S.
To prove that B is the smallest generalized bi-Γ-ideal of S containing T suppose

that G is a generalized bi-Γ-ideal of S containing T . Then TΓSΓT ⊆ GΓSΓG ⊆ G.
Therefore, B = T ∪ TΓSΓT ⊆ G. Hence B is the smallest generalized bi-Γ-ideal
of S containing T .

The smallest generalized bi-Γ-ideal of S containing T will be denoted by (T ).

Lemma 2.2. Suppose that A is a sub-Γ-semigroup of a Γ-semigroup S, s ∈ S and

(sΓAΓs) ∩A 6= ∅. Then (sΓAΓs) ∩A is a generalized bi-Γ-ideal of A.

Proof. Indeed,

(sΓAΓs ∩A)ΓAΓ(sΓAΓs ∩A) ⊆ [(sΓAΓs)ΓA ∩AΓA]Γ(sΓAΓs ∩A)

⊆ [(sΓAΓs)ΓA ∩A]Γ(sΓAΓs ∩A)

⊆ [[(sΓAΓsΓA)Γ(sΓAΓs)] ∩ [AΓ(sΓAΓs ∩A)]]

⊆ [(sΓAΓs) ∩ (AΓsΓAΓs)] ∩A
⊆ (sΓAΓs) ∩A.

Hence (sΓAΓs) ∩A is a generalized bi-Γ-ideal of A.

Theorem 2.3. For a Γ-semigroup S the following assertions are equivalent:

(i) S is a gb-simple Γ-semigroup,

(ii) sΓSΓs = S for all s ∈ S,

(iii) (s) = S for all s ∈ S.

Proof. (i)⇒ (ii). Let S be a gb-simple Γ-semigroup and s ∈ S. Then sΓSΓs is a
generalized bi-Γ-ideal of S. As S is a gb-simple Γ-semigroup, sΓSΓs = S.

(ii)⇒ (iii). If sΓSΓs = S for all s in S, then, (s) = {s}∪sΓSΓs = {s}∪S = S.
(iii)⇒ (i). Let (s) = S, for all s ∈ S, and assume B is a generalized bi-Γ-ideal

of S and s ∈ B. Then (s) ⊆ B. By our hypothesis, we obtain S = (s) ⊆ B ⊆ S.
So, S = B. Hence S is a gb-simple Γ-semigroup.
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Theorem 2.4. A bi-Γ-ideal B of a Γ-semigroup S is a minimal generalized bi-Γ-
ideal of S if and only if B is a gb-simple Γ-semigroup.

Proof. Let B be a minimal generalized bi-Γ-ideal of S. By our hypothesis, B is a
Γ-semigroup. SupposeD is a generalized bi-Γ-ideal of B. ThenDΓBΓD ⊆ D ⊆ B.
As B is a generalized bi-Γ-ideal of S, we obtain DΓBΓD is a generalized bi-Γ-ideal
of S. As B is a minimal generalized bi-Γ-ideal of S, we obtain DΓBΓD = B. So,
we have B = D. Therefore, B is a gb-simple Γ-semigroup.

Conversely, let B be a gb-simple Γ-semigroup. Suppose D is a generalized bi-
Γ-ideal of S so that D ⊆ B. Then DΓBΓD ⊆ DΓSΓD ⊆ D. So D is a generalized
bi-Γ-ideal of B. As B is a gb-simple Γ-semigroup, we obtain B = D. Hence B is
a minimal generalized bi-Γ-ideal of S.

Theorem 2.5. Every generalized bi-Γ-ideal of a Γ-semigroup S is a bi-Γ-ideal of
S if and only if xαy ∈ {x, y}ΓSΓ{x, y}, for every x, y ∈ S and α ∈ Γ.

Proof. Suppose S is a Γ-semigroup in which every generalized bi-Γ-ideal is a bi-
Γ-ideal. Then, for every x, y ∈ S, the generalized bi-Γ-ideal generated by subset
{x, y} is given by {x, y} ∪ {x, y}ΓSΓ{x, y} which is a bi-Γ-ideal of S, so we have
xαy ∈ {x, y}ΓSΓ{x, y}.

Conversely, if x, y are elements of a generalized bi-Γ-ideal B of S, then we have
xαy ∈ BΓSΓB ⊆ B. Hence B is a bi-Γ-ideal of S.

3. Prime and irreducible generalized bi-Γ-ideals

Proposition 3.1. A semiprime generalized bi-Γ-ideal of S is a quasi-Γ-ideal of
S.

Proof. Suppose that B is semiprime and let x ∈ (SΓB ∩ BΓS). Then xΓSΓx ⊆
(BΓS)ΓSΓ(SΓB) = BΓSΓB ⊆ B and since B is semiprime, we obtain x ∈ B.
Hence B = SΓB ∩BΓS.

Proposition 3.2. A Γ-semigroup S is regular if and only if every generalized

bi-Γ-ideal of S is semiprime.

Proof. Let S be regular and suppose that B is any generalized bi-Γ-ideal of S.
If b /∈ B, then b ∈ sΓSΓs, so we obtain sΓSΓs * B and hence B is semiprime.
Conversely, if every generalized bi-Γ-ideal of S is semiprime, then so is B = sΓSΓs
for any s ∈ S. As sΓSΓs ⊆ B, we obtain b ∈ B and hence S is regular.

Proposition 3.3. The intersection of any nonempty family of prime generalized

bi-Γ-ideals of a Γ-semigroup is a semiprime bi-Γ-ideal.

Proof. Suppose that S is a Γ-semigroup and P = {P | P is a prime generalized
bi-Γ-ideal of S}. As 0 ∈ P , for all P ∈ P, we obtain 0 ∈

⋂
P. Thus

⋂
P 6= ∅.

Suppose q ∈ (
⋂
P)ΓSΓ(

⋂
P). Then q = q1αsβq2, for some q1, q2 ∈

⋂
P,s ∈ S
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and α, β, γ ∈ Γ. Thus q = q1αsβq2 ∈ PΓSΓP ⊆ P , for all P ∈ P. Therefore,
q ∈

⋂
P. So (

⋂
P)ΓSΓ(

⋂
P) ⊆

⋂
P. Therefore,

⋂
P is a generalized bi-Γ-ideal

of S. Suppose B be a generalized bi-Γ-ideal of S such that B2 ⊆
⋂
P. We have

B2 ⊆P, for all P ∈ P. As P is a prime generalized bi-Γ-ideal of S, we obtain
B ⊆ P , for all P ∈ P. Thus B ⊆

⋂
P. Hence

⋂
P is a semiprime generalized

bi-Γ-ideal of S.

Proposition 3.4. A prime generalized bi-Γ-ideal is a prime one-sided Γ-ideal.

Proof. Let SΓB * B and BΓS * B. Since B is prime, it follows that BΓSΓB =
(BΓS)ΓSΓ(SΓB) * B, which is a contradiction. Hence B is a prime one-sided
Γ-ideal.

Corollary 3.5. A quasi-Γ-ideal of S is a prime one-sided Γ-ideal of S.

Proposition 3.6. A generalized bi-Γ-ideal B of a Γ-semigroup S is prime if and

only if RΓL ⊆ B implies R ⊆ B or L ⊆ B, where R and L are right and left

Γ-ideal of S.

Proof. If B is prime and RΓL ⊆ B with R * B, then for every r ∈ R \ B,
rΓSΓl ⊆ B, for all l ∈ L, therefore L ⊆ B. Conversely, if B is not prime,
there exists a, b /∈ B such that aΓSΓb ⊆ B. But then (aΓS)Γ(SΓb) ⊆ B and
aΓS, SΓb * B.

Proposition 3.7. If a bi-Γ-ideal B of S is prime, then

I(B) = {s ∈ B | SΓsΓS ⊆ B}
is a prime Γ-ideal of S.

Proof. Suppose B is prime and let J1ΓJ2 ⊆ I(B), for two-sided ideals J1 and J2.
Then, since J1ΓJ2 ⊆ B, by Proposition 3.6, J1 ⊆ B or J2 ⊆ B. Now I(B) is the
largest Γ-ideal in B, it follows that J1 ⊆ I(B) or J2 ⊆ I(B).

Theorem 3.8. Every strongly irreducible, semiprime generalized bi-Γ-ideal of a
Γ-semigroup S is a strongly prime generalized bi-Γ-ideal.

Proof. Let B be a strongly irreducible semiprime generalized bi-Γ-ideal of S. Sup-
pose that B1, B2 are generalized bi-Γ-ideals of S such that B1ΓB2 ∩B2ΓB1 ⊆ B.
As (B1 ∩ B2)2 ⊆ B1ΓB2 and (B1 ∩ B2)2 ⊆ B2ΓB1, it follows that (B1 ∩ B2)2 ⊆
B1ΓB2 ∩B2ΓB1 ⊆ B. As B is semiprime, we obtain B1 ∩B2 ⊆ B and since B is
strongly irreducible, we obtain B1 ⊆ B or B2 ⊆ B. Hence B is a strongly prime
generalized bi-Γ-ideal of S.

Theorem 3.9. For any generalized bi-Γ-ideal B of a Γ-semigroup S and any

s ∈ S \B there exists an irreducible generalized bi-Γ-ideal J of S such that B ⊆ J
and s /∈ J .
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Proof. Suppose GBB = {B1 | B1 is a generalized bi-Γ-ideal of S and B ⊆ B1

and s /∈ B1}. Obviously, B ∈ GBB and so GBB 6= ∅. We have GBB is a
partially ordered set under inclusion. Suppose C is a chain of GBB . Suppose
c ∈ (

⋃
C)ΓSΓ(

⋃
C). Then c = c

′
αsβc

′′
, for some c

′
, c

′′ ∈
⋃
C, s ∈ S and α, β ∈ Γ.

Therefore, c
′ ∈ B1 and c

′′ ∈ B2, for some B1, B2 ∈ C. As C is a chain of GBB ,
we obtain B1 and B2 are comparable. Thus B1 ⊆ B2 or B2 ⊆ B1; so c

′
, c

′′ ∈ B1

or c
′
, c

′′ ∈ B2. As B1 and B2 are generalized bi-Γ-ideals of S, it follows that
c = c

′
αsβc

′′ ∈ B1ΓSΓB1 ⊆ B1 ⊆
⋃
C or c = c

′
αsβc

′′ ∈ B2ΓSΓB2 ⊆ B2 ⊆
⋃
C.

Therefore, c ∈
⋃
C, so

⋃
C is a generalized bi-Γ-ideal of S. As s /∈ C, for all

c ∈ C, we obtain s /∈
⋃
C. Obviously, B ⊆

⋃
C. Therefore,

⋃
C ∈ GBB . We have

C ⊆
⋃
C, for any c ∈ C. Therefore

⋃
C is an upper bound C in GBB . By Zorn's

Lemma, there exists a maximal element J ∈ GBB . Therefore, J is a generalized
bi-Γ-ideal of S such that B ⊆ J and b /∈ J . Suppose P and Q are generalized
bi-Γ-ideals of S such that P ∩Q = J . Let P 6= J and Q 6= J . Then J = P ∩Q ⊆ P
and J = P ∩ Q ⊆ Q. So B ⊆ J ⊂ P and B ⊆ J ⊂ Q. If s /∈ P , then C ∈ GBB .
This is a contradiction since J is a maximal element of GBB , therefore s ∈ P . In
a similar fashion, we obtain s ∈ Q. Thus s ∈ P ∩ Q = J which is not possible.
Therefore, P = J or Q = J . Hence J is an irreducible generalized bi-Γ-ideal.

Theorem 3.10. For a Γ-semigroup S the following statements are equivalent:

(i) S is regular and intra-regular Γ-semigroup.

(ii) BΓB = B for every generalized bi-Γ-ideal B of S.

(iii) B1 ∩B2 = B1ΓB2 ∩B2ΓB1 for all generalized bi-Γ-ideals B1 and B2 of S.

(iv) Every generalized bi-Γ-ideal of S is semiprime.

(v) Every proper generalized bi-Γ-ideal B of S is the intersection of irreducible

semiprime generalized bi-Γ-ideals of S containing B.

Proof. It follows by Theorem 3.9 [3].

Theorem 3.11. A generalized bi-Γ-ideal of a regular and intra-regular Γ-semigroup

is strongly irreducible if and only if it is strongly prime.

Proof. Follows by Proposition 3.10 [3].

Theorem 3.12. In a Γ-semigroup S each generalized bi-Γ-ideal is strongly prime

if and only if S is regular, intra-regular and the set of generalized bi-Γ-ideals of S
is a totally ordered under inclusion.

Proof. If each generalized bi-Γ-ideal of S be strongly prime, then each generalized
bi-Γ-ideal of S is semiprime. Hence, by Theorem 3.10, S is a regular and intra-
regular Γ-semigroup. Thus the set of all its generalized bi-Γ-ideals is partially
ordered by inclusion. If B1 and B2 are generalized bi-Γ-ideals of S, then B1∩B2 =
B1ΓB2 ∩B2ΓB1, by Theorem 3.10. As B1 ∩B2 is a strongly prime generalized bi-
Γ-ideal, we obtain B1 ⊆ B1∩B2 or B2 ⊆ B1∩B2. If B1 ⊆ B1∩B2, then B1 ⊆ B2.
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If B2 ⊆ B1 ∩B2, then B2 ⊆ B1. Thus the set of all generalized bi-Γ-ideals of S is
totally ordered by inclusion.

The converse statement is a consequence of Theorem 3.12 in [3].

Theorem 3.13. If the set of all generalized bi-Γ-ideals of a Γ-semigroup S is a

totally ordered by inclusion, then S is both regular and intra-regular if and only if

each generalized bi-Γ-ideal of S is prime.

Proof. By Theorem 3.13 in [3], each generalized bi-Γ-ideal of S is prime.
Conversely, if each generalized bi-Γ-ideal of S is prime, then it is semiprime.

Theorem 3.10 completes the proof.

Theorem 3.14. For a Γ-semigroup S the following statements are equivalent:

(i) The set of all generalized bi-Γ-ideals of S is totally ordered by inclusion.

(ii) Every generalized bi-Γ-ideal of S is strongly irreducible.

(iii) Every generalized bi-Γ-ideal of S is irreducible.

Proof. (i)⇒ (ii). Let B,B1, B2 be generalized bi-Γ-ideals of S such that B1∩B2 ⊆
B. Then by (i) we obtain B1 ⊆ B2 or B2 ⊆ B1. Therefore B1 = B1 ∩ B2 ⊆ B or
B2 = B1 ∩B2 ⊆ B. Hence S is strongly irreducible.

(ii)⇒ (iii). Let B1, B2 be generalized bi-Γ-ideals of S such that B1 ∩B2 = B
for some strongly irreducible generalized bi-Γ-ideal B. Then B ⊆ B1 and B ⊆ B2.
By the hypothesis, we obtain B1 ⊆ B or B2 ⊆ B. So B1 = B or B2 = B. Hence
B is irreducible.

(iii)⇒ (i). Suppose that B1, B2 are generalized bi-Γ-ideals of S. Then B1∩B2

also is a generalized bi-Γ-ideal of S and by the assumption, B1 = B1 ∩ B2 ⊆ B2

or B2 = B1 ∩B2 ⊆ B1. Therefore B1 ⊆ B2 or B2 ⊆ B1. This proves (i).
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