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Subdirectly irreducible sloops and SQS-skeins

Magdi. H. Armanious and Enas. M. A. Elzayat

Abstract

It was shown in [2] that there is 8 classes of nonsimple subdirectly irre-
ducible SQS-skeins of cardinality 32 (SK(32)s). Now, we present the same
classification for sloops of cardinality 32 (SL(32)s) and unify this classi-
fication for both SL(32)s and SK(32)s in one table. Next, some recur-
sive construction theorems for subdirectly irreducible SL(2n)s and SK(2n)s
which are not necessary to be nilpotent are given. Further, we construct
an SK(2n) with a derived SL(2n) such that SK(2n) and SL(2n) are subdi-
rectly irreducible and have the same congruence lattice. We also construct
an SK(2n) with a derived SL(2n) such that the congruence lattice of SK(2n)
is a proper sublattice of the congruence lattice of SL(2n).

1. Introduction

A Steiner quadruple (triple) system is a pair (S; B) where S is a finite set
and B is a collection of 4-subsets (3-subsets) called blocks of S such that
every 3-subset (2-subset) of S is contained in exactly one block of B (cf.
[13] and [17]). Let SQS(m) denotes a Steiner quadruple system (briefly
quadruple system) of cardinality m and STS(n) be a Steiner triple system
(briefly: triple system) of the cardinality n. It is well known that SQS(m)
exists iff m = 2 or 4 (mod 6), and STS(n) exists iff n =1 or 3 (mod 6) (cf.
[13] and [17]). Let (S; B) be an SQS. If S, = S — {a} for some point a € 5,
then deleting a from all blocks which contain it we obtain the triple system
(Sq; B(a)), where
B(a) ={b' =b—{a}:be€ B and a € b}.

The system (Sg; B(a)) is called a derived triple system (or briefly DTS) of
(S; B) (cf. [13] and [17]).
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There is one-to-one correspondence between STSs and sloops. A sloop
(briefly SL) L = (L;-,1) is a groupoid with a neutral element 1 satisfying
the identities:

zy=y-x, lx=z =z (xy) =uy.

A sloop L is called Boolean if it satisfies the associative law.

Also, there is one-to-one correspondence between SQSs and SQS-skeins
(cf. [13] and [17]). An SQS-skein (briefly: SK) (Q;q) is an algebra with a
ternary operation g such that

q(z,y,2) =q(z,2,y) = q(z,z,y), qz,z,y) =y, q=yqx,y,2) ==z

is valid for all z,y,z € Q. An SQS-skein (Q; q) satisfying the identity:

q(a,z,q(a,y, 2)) = q(,y, 2)

is called Boolean. Any sloop associated with a given derived triple system is
also called derived. A sloop (Qq;+,a) with the binary operation "-" defined
by z -y = q(a,y, z), where a € Q, is called derived sloop of an SQS-skein
(Q; q) with respect to a € Q.

A subsloop N of L is called normal if and only if N = [1]0 for a congru-
ence 6 on L. Similarly, a sub-SQS-skein of @ is called normal if and only
it N = [a]f for a congruence 6 of @ (cf. [13] and [18]). The congruence 0
associated with the normal subsloop (sub-SQS-skein) N is given by:

0={(z,y):x-ye N}

All congruences of sloops (SQS-skeins) are permutable, regular and uniform
(cf. [1] and [18]). Congruence lattices of sloops and SQS-skeins are modular.

Theorem 1. FEvery subsloop (sub-SQS-skein) M of a finite sloop (L;-,1)
(8QS-skein (Q;q)) such that |L| = 2 |M| (resp. |Q| = 2|M]) is normal. O

If (G;+) is a Boolean sloop or, equivalently, a Boolean group, then
(G;q) with ¢(z,y,2) = z +y + 2z is a Boolean SQS-skein [1]. The class Ag
of all Boolean sloops (SQS-skeins) is the smallest non-trivial subvariety of
the variety of all sloops (SQS-skeins).

A congruence 6 on a sloop L or on an SQS-skein @ is called central, if
the diagonal relation Ay, (resp. Ag) is a normal subsloop (sub-SQS-skein)
of L (resp. Q). The largest central congruence is called the center of L
(resp. @) and is denoted by ¢(L) (resp. ¢(Q)) (cf. [1] and [11]). A series of
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congruences 1 =60y 2601 D0 D ...0 0, =0 (or A) is called central series
if ei/ei—&-l - C(L/Hi-i-l) (resp. (91‘/9“_1 - C(Q/@H_l)) IfL (resp. Q ) contains
a central series, then L (resp. Q) is called nilpotent. If in nilpotent L (resp.
() ) the smallest length of a central series is n, then it is called nilpotent of
class n (cf. [4] and [5]).

Lemma 2. (cf. [4] and [15]) If 0 is a congruence on a sloop L or on an
SQS-skein Q and |[x]0 |= 2, then 0 is a central congruence. Moreover, if
L (resp. Q) is subdirecly irreducible, then 0 = ((L) (resp. 0 = ((Q)). O

2. Subdirectly irreducible SL(32)s and SK(32)s

For any congruence € on a sloop L or on an SQS-skein () we may define
the dimension d(f) as the length of the maximal chain between the smallest
congruence 0 (the diagonal relation) and 6 in C(L) or C(Q). All maximal
chains in a finite modular lattice have the same length [16].

All SL(16)s (also SK(16)s) can be divided into 5 classes according to the
shape of its congruence lattice or, equivalently, to the number of sub-SL(8)s
(sub-SK(8)s) (cf. [8] and [9]). Let Ly (resp. @x) be an SL(16) (resp. SK(16))
and let 6, be an atom in C(L) (resp. C(Qx)), then C(L./0x = S(Zs)) (resp.
C(Q1/6,)) = S(Zy) (the lattice of all subgroups of the Boolean group Zsy).
Consequently, for the length of the maximal chain in C(L) or C(Q)) we
have d(1) = r + 1 with » = 0,1,2,3,4. So, there are 5 classes for each of
SL(16)s and SK(16)s which are presented in Table 1. Examples for each
class of SL(16)s and SK(16)s and for an SK(16)s with a derived SL(16) for
all possible congruence lattices of SK(16) and its derived SL(16), can be
found in [8] and [9].

Armanious gave in [2] all 8 classes of nonsimple subdirectly irreducible
SK(32)s. The same classification holds for nonsimple subdirectly irreducible
SL(32)s.

If in modular lattice two elements 6 and ¢ cover 8 A, then 0V ¢ covers
6 and ¢ [16]. Moreover, 6 V ¢ = 6 o ¢ in permutable varieties. This implies
that if @ and ¢ are atoms in the congruence lattice C(L) (resp. C(Q)) of a
finite sloop (SQS-skein), then the congruence 6V ¢ = 6 o ¢ covers 6 and .
Also, the dimensions d(1) of the largest congruence 1 of both L/6 and L/¢
(resp. @Q/60 and Q/¢) are the same.
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Algebraic properties Properties of
d(1) S;f;;l;rﬁ ifftg of SL(16) = L, and the STS(15)
P SQ(16) = Q. and SQS(16)
STS(15) has no
L, and @, are simple. sub-STS(7)s
1 and SQS(16)
0. =1 has no sub-
| [2] [ 6 =16 SQS(8)s.
STS(15) has
o phopes conguence, | 01 SSTS(D
2 L, and @, are sub- and SQS(.@.
. . . has two disjoint
directly irreducible, sub-SQS(8)s
I[z]] 62 = 8 but not nilpotent. b '
C(L) and C(Q,) have | SLo(19) has 3
sub-STS(7)s
3 co-atoms. L, and @
: and SQS(16)
3 are subdirectly
. . has 6 sub-
irreducible, but not SQS(8)
| [2]0« |= 4 nilpotent. >
C(L.) and C(Q,) have | S1o(15) has
exactly 7 sub-
7 co-atoms. The atom
. STS(7)s and
0, is the center of L,
4 (resp. 0.). L. and O SQS(16) has
P- ). D * exactly 14 sub-
are subdirectly SQS(8)s
[[z]0x |= 2 of nilpotence calss 2. '
Both L, and Q. STS(15) has
are Boolean. So exactly 15 sub-
5 L, = SL(2)* and STS(7)s and
Q. = SK(2)%. It has SQS(16) has
It has more 24 — 1 atoms and exactly 30
than one atom. 2% — 1 co-atoms. sub-SQS(8)s.

Table 1. All classes of subdirectly irreducible sloops and SQS-skeins of cardinality 16.

So, d(1) = 1 iff L (resp. Q) is simple and d(1) = n if L (resp. Q) is
Boolean of the cardinality 2”. In general, 1 < d(1) < n for each of SL(2")

and SK(2").
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Consider a sloop L = SL(32) and an SQS-skein @ = SK(32), in which
both L and @ are subdirectly irreducible with a monolith 6y. It is well-
known that there are simple SK(n)s and simple SL(n)s for each n =2 or 4
(mod 6) (see [1], [7], [10] and [18]). Except the case d(1) = 1, when SK(n)s
and SL(n)s are simple, we have four other cases d(1) = 2,3,4,5. For each
d(1) = r, we have two different classes of L/60y (resp. Q/6p). In the first
class L/0p (resp. Q/f) is Boolean and has 2"~! elements. In the second
L/6y (vesp. Q) is an SL(16) (resp. SK(16)) and belongs to the class r —1
of Table 1. This means that the congruence lattice C'(L) (resp. C(Q)) is
isomorphic to one of the following two lattices:

In the following table, we review the algebraic and combinatoric proper-
ties of each class of nonsimple subdirectly irreducible SL(32)s and SK(32)s.

The lattices . _ Properties of the

d(1) | C(Ls) and Egzpsegégsmd—sgm) =L associated STS(31)

C(Q+) N and SQS(32)
Normal subalgebras of L ?E’)S(fi)) /Eas
and @ have 2 elements.

sub-STS(7)s.
Has no subalgebras of SQS(32) has

2 (a) cardinality > 8. Only (16 - 15 - 14) /24
homomorphic images sub-SQS(8)s
of L/6y and Q /6y are i '

| []00 |= 2 simple of cardinality 16.

L has one sub-SL(16) STS(31) has only
. one sub-STS(15).

and @ has two disjoint SQS(32) has two

sub-SK(16)s. Only disjoint sub-

2 (b) proper homomorphic SQS(16)s. These
images of L/0y and Q/6y 3 sibs st;zms be.
are of cardinality 2. lones t}; the classes

6o |= 16 &
| 1160 from Table 1.
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’ L/@O ‘:‘ Q/90 |: 16, STS(31) has
| L/01 |=| Q/0;1 |= 2. only one sub-
L/6y and Q/0y belong STS(15) and at
to the class 2 from least (15-14)/6
Table 1. L(Q) has only sub-STS(7)s. The
3 (a) one normal sub-SL(16) SQS(32) has two
(two disjoint normal disjoint sub-
sub-SK(16)s). These SQS(16)s and
subsystems belong to at least
12101 =16 1 class 4(a) or (16 - 15 - 14) /24
| 1100 |= 4(b) of Table 1. sub-SQS(8)s.
| L/6y |=| Q/6y |= 4. The STS(31)
L(Q) has 3 normal has exactly three
sub-SL(16)s (6 normal sub-STS(15)s and
sub-SK(16)s) and only the SQS(32) has
one normal six sub-SQS(16)s.
3 (b) sub-SL(8) (4 disjoint
normal sub-SK(8)s).
Sub-SL(16)s and sub-
SK(16)s are not
simple and belong
| [%]00 [= 8 to some nonsimple class
from Table 1.
| L/61 =] Q/6r =4, STS(31) has only
| L/6o [=| Q/0o |= 16.
3 sub-STS(15)s.
L/6y and Q/6p belong .
The associated
to the class 3 of Table 1.
SQS(32) has 6
L(Q) has three normal sub-SQS(16)s
sub-SL(16)s (6 normal ’
4 (a) sub-SK(16)s) and
only one normal sub-
SL(8) (4 disjoint normal
p sub-SK(8)s). Sub-
I ﬂ@l I_ g SL(16)s and sub-SK(16)s
x|0o

belong to the class 4(a)
or 4(b) of Table 1.
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| L/6o |=| Q/b0 |= 8.
L(Q) has 7 normal
sub-SL(16)s (14 normal
sub-SK(16)s) and only
one normal sub-SL(4)

The STS(31) has
exactly 7 sub-
STS(15)s.

The associated
SQS(32) has 14

4(b) (8 disjoint normal sub-SQS(16)s.
sub-SK(4)s). Sub-
SL(16)s and sub-
| [x]60 |= 4 SK(16)s belong to the
class 3 or 4 of Table 1.
| L/61 1= /0 |=8, The STS(31) has
| L/60 =1 Q/0 |= 16. exactly 7 sub-
L/6o and Q0o belong STS(l}é)s and the
o the class .4(a) of associated SQS(32)
Table 1. 6y is the center has exactly 14 sub.
of L(Q) and 61 /6, is the SOS(16)s Y All b
center of L/60(Q/%o)- STS(lG)S.and sub-
5 (a) L(Q) is of nilpotence SQS(16)s belong
class 3 and has 7 normal
to the class 4(a)
sub-SL(16)s (14 normal or 4(b) of Table 1
sub-SK(16)s) and exactly '
| [2]0: |= 4 one normal sub-SL(4)
| [2]60 |= 2 (8 disjoint normal sub-
SK(4)s) and one normal
sub-SL(2) (16 disjoint
normal sub-SK(2)s).
L(Q) is nilpotent of exactly 15 sub-
the class 2 and 6 is its STS(15)s and
center. L(Q) has 15 the associated
normal sub-SL(16)s (30 SQS(32) has
normal sub-SK(16)s) and
5 (b) excactl | sitb. exactly 30 sub-
Y One normal su SQS(16)s.
SL(2) (16 disjoint normal
sub-SK(2)s). Sub-
| 100 [= 2

SL(16)s and sub-SK(16)s
belong to the class 4(a)
or 4(b) of Table 1.
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3. Subdirectly irreducible SL(2n)s and SK(2n)s

In this section, we find recursive constructions for subdirectly irreducible
sloops and SQS-skeins, i.e., for subdirectly irreducible SK(n) = Q. and
SL(n) = Ly with a monolith 6, we construct subdirectly irreducible @ =
SK(2n) (resp. L = SL(2n)) having a homomorphic image which congruent
to Q« (resp. to Ly).

For a given subdirectly irreducible SK(n) and SL(n) of nilpotence class
k > 1 Guelzow (cf. [14], [15]) and Armanious (cf. [3], [4], [5]) constructed
a subdirectly irreducible SK(2n) (resp. SL(2n)) of nilpotence class k + 1.
Below, basing on results of [15] and [4], we present three recursive construc-
tions for subdirectly irreducible SQS-skeins and sloops. Namely, for a given
subdirectly irreducible SK(n) and SL(n) (not necessary nilpotent or sim-
ple) with a monolith, we construct a subdirectly irreducible SK(2n) (resp.
SL(2n)).

Construction. Let Q. = (Q;q.) be an SK(n) and L, = (L4;*,1) be an
SL(n). Let L. = Q. = {zo,21,...,2n—1} and R be a set of sub-SK(4)s
of Q. (sub-SL(4)s of L), where z¢ denotes the unit 1 of sloops. Consider

the binary operation @ on L = L, x GF(2) and the ternary operation ¢ on
Q = Q. x GF(2) defined as follows:

q<($,im), (yaiy)v (Z, Zz)) = (q* (x,y, Z)7i$ + iy +i, + XR<$7yv Z>Q*)7
(l‘,im) i (yviy) = (.%' * Y, Iy + iy + XR(x, y>L*)7

where xpg is the characteristic function such that xgr(z,y,2)g, = 1 if
(x,y,2)q, generates a sub-SK(4) € R, and 0 otherwise; xr(z,y)r, = 1
if (z,y)r, generates a sub-SL(4) € R, and 0 otherwise.

It easy to prove that @ = (Q;¢q) is an SK(2n) and L = (L;e) is an
SL(2n) (for details see [15] and [4]). In the sequel, the SQS-skein ) and
the sloop L will be denoted by 2 xg Qx and 2 X Ly, respectively.

If R is empty, then xg(z,y, 2)g, = 0for x,y,2 € Q« and xr(z,y)r, =0
for x,y € L.. Thus (Q;q) = Q« X SK(2) and (L;e,(1,0)) = L, x SL(2).
If R is the set of all sub-SK(4)s of Q4 (resp. sub-SL(4)s of L), then Q(L)
is Boolean or of nilpotence class k 4+ 1 if and only if QL) is Boolean or
of nilpotence class k > 1, respectively. Moreover, @ is semi-boolean if and
only if @, is semi-boolean (see [15]).

Lemma 3. Let Q. (resp. L) be a subdirectly irreducible SQS-skein (sloop)
with monolith 0, and let R be the set of sub-SK(4)s (sub-SL(4)s). The con-
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structed SKS-skein 2 X pQy (resp. sloop 2x g L) has a congruence 01 which
covers all its minimal congruences.

Proof. The projection 7 from @Q(L) into the first component is onto ho-
momorphism and the congruence kerm = 6y on Q(L) is determined by the
relation {((x,1), (z,7)) : Vo € Q«(Lx),Vi,j € {0,1}}. Now Q /0y = Q. and
L/6y = L. Since 6, is the monolith of Q. and L., /6y (resp. L/6p) has
a monolith 01 /60y for a congruence 6; on @ (resp. on L). Thus 6; is the
unique congruence in C(Q) (resp. C(L)) which covers 6y. If ¢ is another
atom of C(Q) (resp. C(L)), then § o 6y = 61 covers  and 0y. Therefore, 6;
covers all atoms of C(Q) (resp. C(L)). O

Moreover, since | [(zg,0)]0y |= 2, it follows that if | [(x0)]0« |= m, then
| [(z0,0)]61 = 2m.

Guelzow [15] and Armanious [4] for a given subdirectly irreducible SK(n)
= @« (SL(n) = L) of nilpotence class k with a minimal congruence 6,
such that | [x]0, |= 2 constructed subdirectly irreducible SK(2n) = @ and
SL(2n) = L of nilpotence class k +1.

Below we prove that for a subdirectly irreducible SK (n) = Q. (resp.
SL(n) = L) with a monolith 6, for each possible cardinality of |[x]0 | the
constructed @ = 2 xg Qs (resp. L =2 xp L,) is subdirectly irreducible.
Note that Q. and L, are not nilpotent, in general.

In the following three theorems, let zg be the unit 1 of sloops, * the
binary operation on L, and e the operation on L, i.e., x xy = q,(x0,z,y)
on the set Q. and (z,i) ® (y,7) = q((zo, 0), (z, i), (y, j)) on the set Q.

The proof of the theorem presented below is analogous to the proof of
the corresponding theorems for nilpotent SQS-skeins and sloops from [3]
and [4].

Theorem 4. Let n > 8. If SK(n) = Q. (resp. SL(n) = L.) is subdirectly
irreducible with a monolith 0, = U{{x;,x;41}> : i =0,2,...,n — 2} and
R = {xzg,x1, 22,23}, then the constructed SQS-skein Q = 2 Xg Q. (resp.
sloop L = 2 X L) is also subdirectly irreducible.

Proof. As in Lemma 3, 0y = {((x,7),(x,j)) : * € Q«, 1,7 € {0,1}} (resp.
x € L,) is an atom of C(Q)(resp.C(L)) and 0; € C(Q) (resp. C(L)) is the
unique congruence covering all atoms of C(Q) (resp. C(L)). The theorem
will be proved if we show that the congruence 6y is the unique atom in the
congruence lattice C(Q) (resp. C(L)). If there is another atom 0 # 6y in
the congruence lattice C(Q) (resp. C(L)), then 6 o §y = 61 covers both
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0 and 6p. Since [z9]0x = {x0, z1} and | [(x0,0)]6p |= 2 , it follows that
’ [(.%'0,0)](91 ‘: 4. Then [(.%'0,0)](91 = {(:C(),O), (.%'0,1), (%1,0), (331,1)}. This
means that if there is another atom ¢ in C(Q) (resp. C(L)), then

[(.ro,O)}(S:{(1'0,0),(.171,0)} or [(.ro,())}(s:{(1'0,0),($1,1)},

which is impossible.Indeed, each 2-element subset {x,y} of an SK is a sub-
SK(2) and for each element x of an SL the set {1, z} is a sub-SL(2). Also, if
6 is a congruence on an SK (resp. SL), then [x]0U[y]0([1]0U[z]0) is a sub-SK
(sub-SL). In addition, 8y if and only if g(a,y, z)0a (resp. x - yf1). More-
over, for 3 distinct elements x, y, z, we have q(x,y, 2) ¢ {z,y, 2z} because,
for example, q(z,y, z) = z implies y = q(z, z,q(z, 2,y)) = q(x, 2z, z) = x.

In the case of SQS-skeins, according to the definition of 6., we see that
{zo,21}U{z2,23} and {xo, x1 }U{x4, x5} are sub-SK(4). Thus ¢, (2o, z1, x2) =
z3 and g, (zo, x1,24) = x5. S0, q, (w0, T2, x4) = 21, and (250, = {zk, Tpi1}-
Therefore, q«(xo, Tk, Thr1) = Z1.

For [(x0,0)]d = {(x0,0),(x1,0)}, we have q((zo,0), (z2,0), (z3,1)) =
(x1,0) and ¢((xo,0), (x4,0),(x5,0)) = (21,0). Thus (z2,0)d(x3,1) and
(4,0)0(z5,0). But (20,0)d(z0,0), so, (q.(zo,z2,4),0)0(q. (20, 23, 25), 1),
i.e., (z,0)0(q, (o, x3,x5),1). This means that (q, (zo, z3,25), 1) € [(zk,0)]0,
which is a contradiction because [(zk,0)]d = q((z0,0), (zx,0), [(zo, 0)]0) =
{(zk,0), (rk+1,0)}, where q, (zo, Tk, Th11) = Z1.

For [(x0,0)]0 = {(x0,0),(x1,1)}, we have ¢q((zo,0), (z2,0), (z3,0)) =
(z1,1) and q((zo,0), (z4,0), (z5,1)) = (x1,1). Whence (x2,0)d(x3,0) and
(4,0)(xs5,1). This implies that (q, (zo, z2,24),0)d(q, (zo, x3,25),1). Thus
(zx,0)(q, (xo, 3, 25),1). From this, as a simple consequence, we obtain
q((z0,0), (z5,1), (zx,0))dq((x0,0), (x5,1), (g, (0,3, 25),1)). This means
that (q,(xo, s, k), 1)0(x3,0), ie., (q,(zo,zs5,2%),1) = (22,0) or (x3,0),
which is impossible.

Therefore, the congruence 6 is the unique atom of C(Q). O

Note that for each positive integers n and k there exists a subdirectly
irreducible SK(2") (resp. SL(2")) of nilpotence class k with a monolith 0,
such that | [z]0, |= 2 (cf. [15] and [4]).

The above results we can summarize in the following table:
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If Q. (resp. L) is a subdirectly irreducible SK(n)
(resp. SL(n)) for n > 16 with a monolith 6, such
that |[2]0« |= 2, then the constructed SQS-skein
Q (sloop L) is a subdirectly irreducible with a
congruence lattice C(Q) (resp. C(L)) isomorphic
to the lattice I" and C(Qx) (resp. C(L)) is equal
to [fo : 1]. Note that in general @, and L, are
not nilpotent.

In particular, Q. (resp. L) may be of nilpotence
class t > 1 of cardinality n = 2", r > 3, with
C(Q+) (resp. C(Ly)) isomorphic to I';. Then
Q(L) is of nilpotence class ¢t + 1 having a
congruence lattice C(Q) (resp. C(L)) isomorphic
to I'y with | [z]0; |= 27+ (i=0,1,...,t —1)

and Q/@O = Q* (resp. L/@o = L*) AISO7 91‘_:,_1/92‘
is the center and in the same time is the monolith
of Q/6; (vresp. L/6;). For example, let r = 3 and
t =1, then Q. =SK(16) (resp. L. =SL(16))
belongs to the class 4(a) of Table 1 and

@ =SK(32) (resp. L =SL(32)) belongs to the
class 5(a) of Table 2.

Theorem 5. Let (Qx;q.) (resp. Li;*,1)) be a subdirectly irreducible SQS-
skein (resp. sloop) of cardinality n > 8 with a minimum congruence 0, such
that | [x]0. |= 4. If R = [x0]0x is a sub-SK(4) (resp. sub-SL(4)), then the
constructed SQS-skein @ =2 X g Q« (sloop L =2 X Ly) is also subdirectly
wrreducible.

Proof. As in Lemma 3, 6y is an atom and 6; is the unique congruence
covering 0y in C(Q) (resp. in C(L)). Similar to the above theorem, it is
suffices to show that 6 is the unique atom in the congruence lattice C(Q)
(resp. C(L)).

If there is another atom ¢ in C(Q)(C(L)), then 6 covers ¢ and 6, and
also 0 o 6y = 0. If [x9]0. = {x0, 21,22, 23}, then

[(1'0,0)]91 = {(1'070), (1‘1, 0), (va 0)7 (x3’ 0)7 (x(), 1)7 (1'1, 1)7 ($27 1), (‘7:37 1)}

This means that the class [(x0,0)]0; is divided in to two subclasses [(zg,0)]d
and [(zp,1)]d such that both (z,0) and (x,1) can not be in the same sub-
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class. Indeedd, if (z,0)d(z, 1), then

q((20,0), (x,0), (x,1)) = (q. (w0, z, %), 1) = (0, 1) € [(20,0)]5,
which implies [(zg,0)]0 2 [(x0,0)]6p. But this is impossible.
If (x1,0) and (x2,0) € [(x0,0)]d, then
q((21,0), (x2,0), (z0,0)) = ) 1) = (x3,1).
Thus, (x3,1) € [(z0,0)]d. If (z1,1), (z2,1) € [(x0,0)]d, then

q((x171)7($271)7($070)) (q*($1,$2,$0),1) (.7}3, )7

which gives (z3,1) € [(x0,0)]0. This means that [(zo,0)]d contains exactly
3-element subset of the set {xg,x1, 22,23} x {0,1} with the same second

component.
We have |[(x0,0)]d| = 4 and |[(z0,0)]01| = 8. Without loss of generality,
we can assume that

(Z) [(1'0,0)](5 = {(ZCOa 0)7 (%1,0), (:E?? O)a (.1’3, 1)} or
(”) [(an 0)]5 = {(xOv 0)7 (:L'l, 1)7 ($27 1)7 (.1‘3, 1>}

Case (i) for SQS-skeins: Assume that (x,0) € @ such that x ¢ {x, z1, z2, 3},
then:

(C]* (561, x2,T0

[(z,0)]6 = q((x,0), (0, 0), [(z0, 0)]0)
= {a((z,0), (20, 0), (z0,0)), ¢((z,0), (z0,0), (21,0)),
(( )7($070) (‘T270)) q((x O) (330, ),( 371))}
= {($a0) (q*(x 1‘0,1‘1) )v q. $$0,$2), )a(Q*(x x03$3)>1)}
and
[(q.(z, w0, 23), 1)]0 = q((q. (%, 0, 23), 1), (20, 0), [(20, 0)]5)
= {a((q.(z, 0, 73), 1), (20,0), (0,0)),
q((q.(x, 20, 23),1), (%0, 0), (21,0)),
q((q. (z, 0, 73), 1), (0, 0), (2,0)),
q((q.(x, 20, 23),1), (20, 0), (z3,1))}
= {(q.(z, z0,23), 1), (q. (q. (z, 0, 23), T0, 21), 1),
(¢.(q. (7,20, 73), 20, 72), 1), (2,0)}.

This means that [(x,0)]0 N [(¢.(x, zo, z3), 1)]0 # @ and [(x,0)]d is
not identical with [(g, (z, zg, 23), 1)]d, which contradicts the fact that ¢ is a
congruence. So, this case is impossible.

In a similar way we can prove that also the second case is impossible. [J
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Theorem 6. Let (Qy;q,) (resp. (Ly;*,1)) be a subdirectly irreducible SQS-
skein (resp. sloop) of cardinality n > 8 with a minimum congruence 0,
such that |[x]0. > 4. If R = {xo,x1,22,23} is a sub-SK(4) of Q. (resp.
sub-SL(4) of Ly) contained in [x0]0x, then the constructed SQS-skein @ =
2 XR Qx« (sloop L =2 xp L) is also subdirectly irreducible with a monolith
0o and Q/0y = Q. (resp. L/6p = L.,).

Proof. As in Lemma 3, 6; is the unique congruence covering the atom 6
and all other atoms in C(Q) (resp. C(L)). We need only prove that 6y is
the unique atom in the congruence lattice C(Q) (resp. C(L)). Assume that
there is another atom § of C(Q) (resp. C(L)). Then 6; = 0 o 6y covers
both ¢ and 6. Since | [(z,i5)]00 |= 2 and 01 covers 0, it follows that if
| [(z,i4)]01 |= 2m, then | [(z,i4)] |= m.

Let [x0]0x = {x0, z1,22,23,...,Tm—1}, then

[(.7}0, 0)]91 = {(.7}0, 0), (1’1, 0), (1‘2, 0), ey (1‘0, 1), (1’1, 1), (.rg, 1), . }

This means that the class [(xg,0)]0; is divided in to two disjoint sub-
classes [(x0,0)]d and [(x0,1)]d. In the same manner as in the previous
proof, we can prove that [(x¢,0)]d contains exactly 3-element subset of the
set {xg,x1, 22,23} x {0,1} with the same second component.

Now, |[(z0,0)]d] > 4, i.e., |[(x0,0)]01| > 8 and R = {xg, 21, x2,23}. So,

[(xo, 0)]5 = {(x07 0)7 ($1, 0)7 (x% 0)7 (1‘3, 1)7 (alv 0)’
ooy (a,0), (b1,1), ..., (b5, 1)}
or
[(CU(), 0)]5 = {(‘TOv 0)7 (561, 1)7 (an 1)7 (‘7337 1)7 (a17 0)7
ey ((IZ', 0), (bl, 1), ceey (bj, 1)},
where xg, 1, 72,3, a1,a2,...,a;,b1,b2,...,b; are m distinct elements.

In the first case for SQS-skeins for all (ap,0) € [(x0,0)]0 with aj, ¢
{z0, 1,22, 23}, we have ¢((z3,1), (ap,0), (x0,0)) = (bg, 1) € [(x0,0)]0 and
(bkal) 7& ($371)' Moreover, if (ahwo) 7& (ah270>7 then (bkpl) 7& (bk2>1)'
Also, for all (by, 1) € [(x0,0)]0 with by, ¢ {xo,x1, 22,23}, we can see that
Q(($3’ 1)7 (bhv 1)7 (:EUa 0)) = (ala 0) € [(l’o, 0)]5 for (alv 0) 7& (ZL‘(), 0)7 (xlv 0) or
(22,0). Also, if (bp,, 1) # (bp,, 1), then (ag,,0) # (ag,,0). This implies that
the sets {a1, a2, ...,a;} and {b1,ba,...,b;} have the same cardinality. Then
t1=72>1. Let i =7 =r, then

[(1'0,0)](5:{(1'0,0), (1‘1, 0), (332, 0), (x3, 1), (al,O), veey (ar, 0), (bl, 1), ceny (br, 1)}

Hence the class [(z9,0)]0 is a sub-SQS-skein having r + 3 elements with
the second component 0 and r+1 elements with the second component 1.
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But Q((bb 1)a (xOv 0)7 {(1'07 O)a (‘Tla 0>’ (va 0)7 (ala O)a T (ah 0)} gives 7+ 3
distinct elements with second component 1, which is impossible.

In the second case we obtain a similar contradiction. This proves that
6o is the unique minimal congruence on @ (resp. L). O]

In view of Theorems 5 and 6 we get the following constructions:

If Q. (resp. L) is a subdirectly irreducible SK(n)
(resp. SL(n)) for n > 16 with a monolith 6,
satisfying | [x]0s |> 2, then Q. (resp. L) is not
nilpotent. The constructed SQS-skein @

(sloop L) is a subdirectly irreducible having

a congruence lattice C(Q) (resp. C(L))
isomorphic to I'y and C(Qx) = [0 : 1]

(resp. C(Lx) = [0p : 1]) isomorphic to I'y. The
sublattice [0« : 1] of T’y is not necessary to be
isomorphic to S(Z).

In particular, if Q. (resp. L) is a subdirectly
irreducible SK(2") (resp. SL(2")) for n > 4

with a monolith 6, such that |[z]6.] = 2", then
then the constructed SQS-skein @ (resp. sloop L)
is a subdirectly irreducible and has a congruence
lattice C(Q) (resp. C(L) isomorphic to I'y and
C(Qx) = [0o : 1] (resp. C(Lx) = [00 : 1])
isomorphic to T'y. Indeed, |[]61] = 2" ™! and
|[z]0o] =2, for each n >4 and r =n,n—1,...,1.
Note that Qs (resp. L) is not nilpotent for

r > 1 and Q. (resp. L) is simple for r = n.

Examples. 1. For n = 4 and 7 = 3,2 or 1, we may choose an SK(2%) =
Q. (resp. SL(2%) = L.) belonging to the classes 2, 3 or 4(a) of Table
1, respectively. Applying Theorems 6, 5 and 4 to Qs (resp. L.), we get
three examples of a subdirectly irreducible SK(2%) = @ (resp. SL(2°) = L)
belonging to classes 3(a), 4(a) and 5(a) of Table 2.

2. For n > 3 and r = n, we observe that @ (resp. L) is simple of
cardinality 2" and the congruence lattice of C(Q) (resp. C(L)) is a chain of
length 2, i.e., 0] is the largest congruence in C(Q) (resp. C(L)) and 6y is the
monolith. For instance, take » = n = 4 and choose a simple SK(2%) = Q.
(resp. SL(2%) = L,) as in the class 1 of Table 1. In view of Theoerem 6, we
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get a subdirectly irreducible SK(2°) = @ (resp. SL(2%) = L) belonging to
the class 2(a) of Table 2.

3. In [6] and [7] Armanious has shown that if we have a simple SK(n) = Qx
(resp. SL (n) = L), then there is a subdirectly irreducible SK(2n) (resp.
SL(2n)) having only one proper congruence. In particular, for n = 16,
choose a simple SK(16) = Q. (resp. SL(16) = L) the construction SK(32)=
2 @ Q« [7] (resp. SL(32) = 2 ®4 Ly [6]) is an example of a subdirectly
irreducible SK(32) (resp. SL(32)) belonging to the class 2(b) of Table 2.

4. Forn > 3 and r = 0, Q. (resp. L) is Boolean of cardinality 2".
According to the constructions given in [15] and [5], we may say that there
is a subdirectly irreducible SK(2"*1) = @ (resp. SL(2"*!) = L) with
a monolith 0y such that Q/0y (resp. (L/6y) is a Boolean SK(2") (resp.
SL(2")). For instance, let n = 4 and r = 0, then the constructed SK(2°) =
Q (resp. SL(2°) = L) is an example of 5(b) of Table 2. O

In fact, these theorems permit us to construct examples for 6 classes of
Table 2, but it is not enough to construct examples for classes 3(b) and 4(b).

3.1. The SQS-skein 2 x; (), having 2 Xy L, as a derived sloop

In [4] Armaniuous has constructed a nilpotent SQS-skein of whose all de-
rived sloops are nilpotent of the same class and both have the same congru-
ence lattice. Also, he has constructed [7| a subdirectly irreducible SK(2n)
having a derived subdirectly irreducible SL(2n) for n > 8, in which the
congruence lattice of each of SL(2n) and SK(2n) are isomorphic to a chain
of length 2.

Let L, be a derived sloop of the SQS-skein @), with respect to the element
Zg, in which L, and @, are subdirectly irreducible with the same monolith
0. (Theorems 4, 5 and 6). Let R be the same 4-element subalgebra {x¢, x1,
xo, x3} in both @, and L such that R = [x0]0. U [x2]0, (as in Theorem 4),
R = [x0]0s as in Theorem 5 and R C [z¢]0. as in Theorem 6. Therefore,
z*y = q,(xo,2,y), and consequently xr(x,y)r. = Xr(Z0,2,y)q, for all
z,y € L. = Q«. Hence (z,i;) ® (y,iy) = q((20,0), (x,1z), (y,1y)) for all
(2,i2), (y,iy) € L = @, this means directly that the constructed sloop
L =2 xpg L, is derived sloop of the constructed SQS-skein @) = 2 xgr Q..
Therefore, we have the following result.

Corollary 7. Let L. be a derived sloop of the SQS-skein Q. with respect
to the element xo and let both Q. and L, be subdirectly irreducible having a
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monolith 6.. If 0. and R = {xo, 1,22, 23} are defined as stated in Theorem
4, 5 and 6, then the sloop L = 2 xXg L. is always a derived sloop of the
SQS-skein Q = 2 X g Q. with respect to (x¢,0) for each case of 0,.. |Box

We may choose an SQS-skein @, with a derived sloop L. and both
@« and L, are subdirectly irreducible of cardinality n (or in particular of
cardinality 2"). In view of Theorems 4, 5, 6 and Corollary 7, we may say
that:

There is an SQS-skein Q = 2 X p Qx with a derived sloop L = 2 X Ly of
cardinality n (or 2"), in which both Q and L are subdirectly irreducible of
cardinality 2n (or 2"*1) having the same congruence lattice for each possible
number n. In particular, there is always an SK(32) with a derived SL(32),
both are subdirectly irreducible and have the same congruence lattices.

Note that the construction of a semi-Boolean SQS-skein @) (each derived
sloop L of () is Boolean) given in [14] guarantees that C((Q) is a proper
sublattice of the congruence lattice C(L) of its derived sloop L. Also each
nonsimple SL(16) = L can be extended to a nonsimple SK(16) = @ with
all possible congruence lattice C(Q) as a sublattice of C(L) (for details see
).

We know that if L, is a derived sloop from @, then each congruence
on @ is a congruence on Ly. If both @, and L, are subdirectly irreducible,
then the monolith @, of @ is a congruence on L, containing the monolith
0. of L, (examples for L, = SL(16) and Q. = SK(16) one can find in
[8]). This means that we can choose the sub-SL(4) = R = [x0|0. U [z¢]6s,
R = [20]0. or R C [x0]0s, if |[x0]0«] = 2,4 or > 4, respectively. Note that
xo represents the unit of L,. Since ¢, D 0., R is a sub-SK(4) such that

R = [wo]ow U [mo]px if | [zo]x [=] [20]0x |= 2,
R = [zo]es if | [xo]es |=4 and | [z0]0« |= 2 or 4,
R C [xo]ps if | [zo]es |>4 and | [x0]0s |= 2,4 or > 4.

In view of Theorems 4, 5 and 6, Q = 2 Xp @« and L = 2 Xp L,
are subdirectly irreducible with a monolith 6y such that L/6y = L. and
Q/0y = Q.. And as a result of Corollary 7, L is a derived sloop of @), which
means that C(Q) is a proper sublattice of C(L), if ¢, properly contains 0.,.
In particular, we may construct the following examples:

Examples. Let L, = SL(16) be a derived sloop of Q. = SK(16). The
result obtained in [8] enables us to choose L. belonging to class 4(a) and
Qs belonging to class 4(a), 3 or 2 of Table 1. Now, we may construct an
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SQS-skein SK(32) = 2 xg Q. with a derived sloop SL(32) = 2 xXpg L, in
which the SL(32) belongs to the class 5(a) of Table 2. The SK(32) will
belong to the class 5(a) of Table 2, if @, belongs to the class 4(a) of Table
1. Also, the SK (32) will belong to 4(a) or 3(a) of Table 2, if Q. belongs to
the class 3 or 2 of Table 1, respectivly. For the last two cases the congruence
lattice C(SK(32)) is a proper sublattice of C(SL(32)). O

A natural open problem for future investigations is a construction of an
SQS-skein @ with a derived sloop L for which a congruence lattice C(Q) is
a sublattice of C(L).

References

[1] M. H. Armanious: Algebraische Theorie der Quadrupelsysteme, Ph.
D.Thesis, Technischen Hochschule Darmstadt 1981.

[2] M. H. Armanious: Classification of the Steiner Quadruple systems of car-
dinality 32, Beitrage zur Algebra und Geometrie, 28 (1989), 39 — 50.

[3] M. H. Armanious: FEzistence of nilpotent SQS-skeins of class n, Ars Com-
binoria 29 (1990), 97 — 105.

[4] M. H. Armanious: Construction of nilpotent sloops of class n, Discrete
Math. 171 (1997), 17 — 25.

[5] M. H. Armanious: Nilpotent SQS-skeins with nilpotent derived sloops, Ars
Combinoria 56 (2000), 193 — 200.

[6] M. H. Armanious: On subdirectly irreducible Steiner loops of cardinality
2n, Beitrage zur Algebra und Geometrie 43 (2002), 325 — 331.

[7] M. H. Armanious: On subdirectly irreducible SQS-skeins, J. Combin. Math.
Combin. Comput. 52 (2005), 117 — 130.

[8§] M.H. Armanious and E. M. A. Elzayat: Eztending sloops of cardinal-
ity 16 to SQS-skeins with all possible congruence lattices, Quasigroups and
Related Systems 12 (2004), 1 — 12.

[9] C. Colbourn and J. Dinitz (eds): The CRC The CRC Handbook of Com-
binatorial Designs, CRC Press, New York 1996.

[10] J. Doyen: Sur la structure de certains systemes triples de Steiner, Math. Z.
111 (1969), 289 — 300.

[11] R. Freese and R. McKenzie: Commutator Theory for Congruence Mod-
wlar Varieties, LMS Lecture Note Series v.125, Cambridge Uni. Press, 1987.

[12] B. Ganter and H. Werner: Co-ordinatizing Steiner Systems, Ann. Dis-
crete Math. 7 (1980), 83 — 24.



250 M. H. Armanious and E. M. A. Elzayat

[13] B. Ganter and H. Werner:
[14] A.J. Guelzow: Semi-boolean SQS-skeins, J. Alg. Comb. 2 (1993), 147—153.

[15] A. J. Guelzow: The structure of nilpotent Steiner quadruple systems, J.
Comb. Designs 1 (1993), 301 — 321.

[16] H. Hermes: FEinfuhrung in die Verbandstheorie, Springer Verlag, Berlin —
Heidelberg — New York, 1967.

[17] C. C. Lindner and A. Rosa: Steiner Quadruple Systems: A Survey
Discrete Math. 21 (1978), 147 — 181.

[18] R. W. Quackenbush: Varieties of Steiner Loops and Steiner Quasigroups,
Canada J. Math. 28 (1978), 1187 — 1198.

Department of Mathematics, Received June 16, 2006
Faculty of Science, Revised March 26, 2007
Mansoura University,

Mansoura,

Egypt

E-mail: m.armanious@excite.com



