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Embedding of an AG**-groupoid

In a commutative monoid

Qaiser Mushtag and Ambreen Bano

Abstract

In this paper we have proved that if an AG**-groupoid contains a left cancellative AG™*-
subgroupoid then it can be embedded in a commutative monoid whose cancellative ele-
ments form a commutative group and the identity of this group coincides with the identity
of the commutative monoid.

An AG-groupoid is an algebraic structure midway between a groupoid
and a commutative semigroup. In 3] it has been defined as a groupoid S
in which the left invertive law holds, that is,

(ab)c = (cb)a forall a,b,c € S. (1)
It is known [4] that S is medial, that is,
(ab) (cd) = (ac){(bd) for all a,b,c,d € S. (2)
An AG-groupoid with the condition that,
a(bc) =b(ac) foralla,b,ces, (3)

is called an AG**-groupoid [6]. It has been proved in the same paper that
the following law holds in an AG**-groupoid S.

(ab) (cd) = (db) (ca) for all a,b,c € S. (4)

An element a € S is called left cancellative, if ab = ac implies b = c,
and right cancellative, if ac = bc implies a = b.

In this paper we shall consider an AG**-groupoid S containing a left
cancellative AG**-subgroupoid T, such that the elements of T' commute
with the elements of S\ T
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Example 1. The set S = {a,b,c,d,e} with the binary operation defined
by table:

i a b ¢ d e
alb a a a a
bjla b b b b
cla b d e ¢
dla b ¢ d e
ejfa b e ¢ d

is an example of a groupoid in which the subset T = {c,d,e} is an AG™*-
subgroupoid such that elements from 7" commute with the elements from
S\T.

We introduce in S x T an equivalence relation p such that an AG**-
groupoid S x T'/p will be with right identity. By using number of results
from |4] and [5], we shall show that 5 x T'/p is a commutative monoidin
which the cancellative elements of S x T'/p form a comimutative group.

Theorem 1. If S is an AG-groupoid, T is an AG-subgroupoid of S and
elements of T commute with elements of .S \ T, then the elements of T2
commute with S*\ T°.

Proof. Indeed, by (2), we have (s,8,) (t1l2) = (8111) (82t2) = (Lr81) (T2s2) =
(111‘,2) (8182). O

Theorem 2. If S is an AG**-groupoid, and T 1is a left cancellative AG™ -
subgroupoid of S such that elements of T commute with the elements of
S\ T, then S can be embedded in a commutative monoid.

Proof. Let $1,82,... € S, ti,t2,... €T and (Si,'lfj)(sk,tl) = (S,{S}ijl‘l) for
all (s;,1;), (8k, 1) € S xT. Then S x T with this operation is a groupoid.
Define on S x T’ the relation p by

(Srhtj)p(sk,tl) &> 118, = tjSk-

Tt is obvious that p is reflexive and symmetric. To prove that it is transitive,
let (Si,t]')p(Sk,l'/l) and (.S;g,tl)p(sm,f,n). Then #;8; = 1,8k and tnSk = 11Sm.-
Multiplying from left the first equality by ¢, we obtain taltisi) = tull iSkE),
which, by (3), gives ti({n8:) = 1i(tnSk). But tnsk = liSm, SO, by (3), we
obtain, #;(tns:) = j(ti8m) = ti(t;$m). Hence, using the left cancellativity,
we get 1,8; = t;Sm. Thus (8i,1;)p(8m, tn), means that p is transitive.

If (8i, 1) p(Sks U1), then tysi = t;8k. Multiplying this equality by {,8m., we
get (£15:)(tnsm) = (£;8k)(tnsm). Whence (trtn)(8i8m) = (tjtn)(SkSm). Thus
(8i8m» tjtn)O(SkSm, titn), 1. (Si, t)(Srms tn) P(Sks £1) (S {,). This shows that
p is right compatible. Similarly, it can be shown that p is left compatible.
Hence p is a congruence on S X T'.
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Let M = S xT/p = {{(sist;)] s € S and 1; € T}. 1t is straight
forward to see that M is an AG**-groupoid. It can easily be shown that
[(to, o)) is the right identity in M, where (, is an arbitrary element of T.
If [(s;,t;)] is an arbitrary element in M, then, by (3) and the fact that the
elements from T and S\ 7 commute, we have ¢;(s;to) = s:(1jto) = (Ljto)$i-
S0, (Silo, Lito)p(si. b)), 1e. (8i,15)(to, to)p(8i,t5). Hence L(sis U] (tor to)]
[(8i,1;)]. This shows that {{to,,)] is the right identity in A/. The uniqueness
follows from Theorem 2.2 of |2|. Since M is an AG**-groupoid with right
identity, it becomes a commutative monoid.

Let t, be a fixed element of T. We define ¢ : S — M by

(8;)® = [(8ils,1z)| foralls; € Sandt, €T,

Suppose [(Sitz,tz)] # [(8jts tz)]. This implies that (s;t., () is not p equiv-
alent to (s;tz,ls), 1.e. tz(8ilz) # tz(8;1z). Thus (sitz) # (8;ts) and s; 7 85,
so, ® is well defined.

Next we show that (8;8;) ® = (s;)P(s;)®.

Indeed, (s))®(s;))® = [(8ilesta)||(85la,ta)] = [((Sile)(sjte)stal)]
[((868))(tats), tate)] But ((8i8))(tels) tatz)p((8i8j)ts, Lo), because we have
te((8i85)(tots)) = (Lota)((8:85)ta), as (totz)((8i85)tz) = (lala)(ta(sis;)), due
to the assumption that 7' commutes with S\ 7. Also, by (3), we obtain
(1ot2)((8:85)tz) = to((8:85)(tetz)). Hence ((8:85) (tzte) tate) pl(5:5 )y L)
and so

[((sisj)(tmtz)’i:rtz)} - {((Sisj)tmtr)i = (S.iSj)(I),

shows that (s;)®(s;)® = (s:s;)®. Thus ¢ is a homomorphism.

It is one-to-one, because (s;)® = (s;)® implies [(sitz, ()] = [(8les Le)],
ie. (Sitz,1z)p(Sjtz, ts). Thus tz(silz) = to(sjts) and sily = §;ls. So ; = 8,
because the elements of T' and S \ 1" commute.

If A= {[{(8its:1z)]8:i € S andt, € T} then A C M and monomorphism
®:S — Ais onto. Thus for every |(s;tz,t,)] in A, there exists s; such
that (s;)® = [(8ilz, t;)]. Thus S can be embedded into M. O

Theorem 3. The elements [(t;,1;)] of M are cancellative in M and form
a commutative group G such that the identity of G is the identity of M.

Proof. Suppose [(ti, ;)] [(8k,t1)] = [(ti, ;)] [(Sm,t1)]. Then [(tisk, titi)] =
[(£i8m, titn )] OF (tiSk, tity) p(tism, tjtn), which further implies (¢;tn) (1iSk) =

(tjtl) (tism) . So, by (4), we get (tisk) (ijtn) == (tism) ('éjt't[) . From (thk)(tjfTL)

= (t;5m)(t;t1), the application of medial law yields (tit;)(Sktn) = (tit;)(Smbr)-
Hence by the left cancellation it follows that sgtn = Smti- Now, tnsk = iSm;
because these elements commute.
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Hence (s, 1) p (8m, tr), that is, [(Sk, t1)] = [(Sm, 1)}, inply that for all
i and j, [(t:,t;)] are left cancellative in M. Similarly, it can be showu
that elements of the form [(¢;,¢;)| are right cancellative. These elements
of M are the only cancellative elements in M. For, it is enough to show
that the elements of the form |(s;, {;)| are non-cancellative in M. Therefore
there exist elements s, and s; with s, # s, and sgs; = §;8;, or there exist
elements s, and s, with s, 7 8, and $;8,, = 8;5,-

In the first case (sgs;) (Lety) = (818:) (taly) OF (SkSistaty) P (8150, Lely)
or [(8k, 1)) (85, ty)] = |(81:tz)} (84, 1y)], with [(sk,1.)] not p equivalent to
[(s1,tz)]. In the second case the result follows similarly. Hence all the
cancellative elements of M are of the form [(¢;,¢;)] and these are the only
cancellative elements in M, which form a group G in M.

We have proved in Theorem 1, that {(t,. )] is the identity element of
M. Since G contains elements of the form [(t;,1,)|, therefore [(t,,1,)] is in
G which is unique because G is a group. |

We can sum up Theorem 1 and Theorem 2 as follows.

If S is an AG**-groupoid and T' is left cancellative AG™*-subgroupoid of
S then S can be embedded in a commutative monoid provided elements of
T commute with elements of S\ T.
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