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Isomorphisms of quasigroups isotopic to groups

Viadimir 1. l1zbash

Abstract

In this nole quasigroups isotopic to groups are considered. The necessar
and sufficient conditions for two quasigroups isotopic to the same group to he
isomorphic are found. The form of isomorphism of two quasigroups isotopic to the
same group and the form of automorphism of a group isotope are given. For :
T-quasigroup with an idempotent the group of automorphisms is described.

1. Introduction

We consider quasigroup operations defined on the same set ()
It will be convenient to recall some of the terminology of quasigroup
theory.

The quasigroup (Q,) is a groupoid ((J;;) with the unique
division. For each ae () we have two transformations of the
underlying set (). They are called the left and the right translation by
a and they are defined by

l,x=a-x and Rx=x-q
for every x e (J.
~Since (();) is a quasigroup, both these transformations are
permutations and hence they belong to the permutations group S(Q)

of ().
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Isomorphisms of quasigroups isotopic to groups

The left (right) loop is a quasigroup (Q,) with the left (right)
unite ¢ (f) such that e-x=x (x- f=x) for every xe(.

The element 1 of a quasigroup ((Q,) is said to be a unit of
(Q,) if forevery x of QO

l'x=x-1=x.

A loop is a quasigroup with the unit.

By Aut(();) we denote the group of all automorphisms of
(@,).

o

For each ae () put
S.(@)={o € $(0)|aa=a}.

Let "" and "*" be two operations defined on (). The
operation  "o" is said to be isotopic to "#", if there exist three
permutations a,B,y € $(Q) such that

x+y=7" (ax o By) (1)
forall x,y €.

We also say that ((J,*) and ((,°) are isotopic, or that ((J),*)
s an isotope of ((),o) of the form x*y:y"(czxoﬁy). Shortly we
write this as

(0.*) xry=y (axoBy), o.ByeS(Q) x.yeQ

The triple (a,B,y) of permutations such that the relations (1)
hold is called the isotopy of (Q,0).

If in (1) vy is the identical permutation &, then (Q,*) is said
to be the principal isotope of ((),0).

Ifin (1) a=B=v, then

xty=y"'(yxoyy), (2)
which means that y is an automorphism between (Q.*) and (Q,°).

The equality (1) is equivalent to the following equality
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exy =y Ny lyx o By ly ), (3)

whence we have proved the following

Theorem 1 ({1] Theorem 1.2). An isotope
(@*) xry=y (axoBy), aByeS@) xyeQ
is isomorphic to the principal isotope
(O®) x®y=ay xoBy"y, aByeSQ), xyeQ,

and vy 1is the isomorphism between them.

Theorem 2 ({1} Theorem 1,3) For arbitrary fixed elements
a,b e Q the isotope
@) xxy=Rl'x-Lily, xye0,
is a loop with unit e¢=b-a, where R,,I, are translations of a

quasigroup ((J,;) by a and b respectively.

Theorem 3 ({1} Theorem 1.4). If a loop (Q.,°) is isotopic to a
group ((),), then it is a group isomorphic to (0,).

A permutation vy e S(Q) is called a quasiautomorphism of a
group ((2,) if there exist two permutations o, € S(?) such that
x-y=7 ox-By)
holds for all x,y e (.
Quasiautomorphisms of a group () are described by the

next

Lemma 1 ([1] Lemma 2.5) A permutation y<S(Q) is a
quasiautomorphism of a group (Q,) if and only if there exist
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Isomorphisms of quasigroups isotopic to groups

element s € O, automorphisms (po,(sp'o € Aut(Q,;) such that y= R, or

Y= Ls(p(] :

The following equalities hold in a group (Q,):
R'=R ., I =Ly RRy=Ry, Lily=1ly,

OR, = Rpa®, ©L, = Ly,0. ola”)=(oa)",

1

where ¢ e Au(Q,), a is the inverse of a in ((.).

In abelian group (Q;) we have R,=L, forevery ac(.

2. Isomorphism of group isotopes

An isotope of a group is called a group isotope.
Let
(Q’*): x*y:ax'ﬁy: a:ﬁe‘y(Q): .r,yGQ,
(Q,c): Xoy=0qax: Bly: aI:BI & S(Q), xye Q9
be two isotopes of a group ({),).

(4)

Suppose that ((),*) and ((Q,°) are isomorphic. Then there
exists a permutation 8¢ S(Q) such that
B(x* y)=0x - By
or
&(ax - By)=oy0x - B,0y (5}
for all x,y e Q.
Let 1@ be the unit of the group (Q,) and e¢e(Q be such

that fBe=1. Putting in (5) y=e¢ and 6 'x instead of x in (5) we obtain

8087\ x = a;x - BBe. Therefore
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o = R;'0a87,
where a=,0e.
From (5) using (6) we find
B(cce - By) = R; '0af™'0x- B0y = R; 'Bocx - B,6y.

1

Replacing here x for o x we get

8(x- fy)= R;'6x- B,6y.
Putting here x=1 we obtain
6By = R;'01- B,0y.
Hence
B=67"1,8,
with b= R;'01

Analogously we will obtain a relation for o,a; and 0.

(6)

Let fe( be such that af =1 Putting in (5) x= f and 07y

instead of y we obtain
06"y = 0u8f - Byy.
Therefore
L =17'ope!
where c=o,8f.
From (5) and (8) we find
Box - y)=o0x- L;'Gy
and if y=1 we have
Bax = a,0x L;lel.
Hence
a=0""R;a6,
where d=[7'91

Now the equality (5) can be rewritten in the following way
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Isomorphisms of quasigroups isotopic to groups

07" RyoyBx - 071 1,B,0y) = 00x - B8y,

From this equality, replacing x for e“la["x and y for

077y we get
x-y::G(G‘lex-G"]Lby). (10)

Therefore 0 is a quasiautomorphism of the group ({J,).

By Lemma 1 there exist se Q and 0, € Aur((J,;) such that
0= R0, Then (9) and (7) can be rewritten in the following way
respectively:

o=6;'R'R,0yR0,, (11)
where d=I.'R8,1=1I.'s, c=a,R8,f =0,(8,f ), and
B=8'R;'LsPi R 6y, (12)
where b= R'RO,1=R's, a=pR0pe=P(8e s)
Using (11),(12) and the equality 6= R0, we find from (10):
Xy = RO(60' R Rox- 0" Ry Ly y) = (RS Rye- RSy y) =
=(xd- 5" Yby- 575 = ((x- L2's)s T MR s )= ((xe s e y) =
= (e Nsa™ y) = ey R B80S (5 BiRBe) )y =
= (e, R,0,/) s+ (B1ROye) - v
Therefore
(4RO f) s (BiRBye) ™ =1 (13)
So, if @ is an isomorphism of quasigroups ((),*) and ({),°), then
there exist s @ and 6;e Aut(Q,) such that equalities (11)-(13)
hold and 6=R_0,.

Conversely, let se () and 6, € Anf((),) satisfy equalities (11)-

(13) and 6=R.0,. Then
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RBo(x*y) = R8y(85' R, Rjoq R Box - 05 R LB ROy y) =
= Ry(R Ry RByx - Ry LBy RBoy) = Ry Ryoy R@yx - LBy R By y =
= (o {0gx - $)ds™ }(b- BBy - s = (et @y sHL s 57 W R, s B8y - ) =
= (o (Bpx - 5)- oy (B £ - ) s 57T )5 B(Bpe - ) 1By By - 5) =
=0oy(8px- 5)-By(8yy - 8)= ROyx o R, y,
ie. RO, is an isomorphism of the quasigroups ((.*) and (Q,).

Thus, we have proved

Theorem 4. A permutation 0¢c S(Q) is an isomorphism of
isotopes ((),*) and ((,°) defined by (4) if and only if there exist s € (
and 8, € Aut{(),;) such that the relations {11)-{13) hold ,where 1 15 the
unit of the group (QJ;).

Let
(@2} xey=y (ox-By), oByeS@) xyeQ,
(Q,g)i x;)’:Yi"](alx'BU’), oz, By, vy € 8(Q), x,y &, o
be two isotopes of a group (Q,) and let
(Q.*) x’;y=0-¥"‘x- By ly, aByeS@) x,ye, 5)

@2 xsy=ami'x-Bi'y, w.BLn eS@) vy <0,
be isotopes of (Q’f) and (Q,_c;) respectively. By Theorem 1 it
follows that 'y(xt]vy):'yx’!k'yy and ‘yl(x;y)zy,x;y,y hold for all
x,ye(,eg v isan isomorphism between (Q’T) and (Q,T), and ¥,
is an isomorphism between (Q,:) and (Q,j';). If % is an isomorphism
between (Q,';) and (Q,;),i:e. l(xry)zkx;ly holds far all x,y e,

then
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Vi Ay Ceo p)=yT Myx*yp) =7 s kyp)= v Ayxo v hyy,
whence y{lly is an isomorphism between ((,) and (Q,;_).
1
Conversely, let 6 be an isomorphism between ((,o} and
I

(Q,;), eg. O(x ?y)zﬂxgey holds for all x,ye 3. Then for p=y,0y"
we obtain

Orxy)=y,8(y 'xoy ) =1,y 'xoBy y) =y 0y 'x2y,07"y.
Since x and y are arbitrary, from the last equality we conclude that

1 is an isomorphism between (Q,T) and (Q,‘:).

So, we have proved the next

Lemma 2. A permutation 8 e S((QQ) is an isomorphism between

isotopes (Q,t;) and (Q,;) defined by (14), if and only if there exists
an isomorphism py between quasigroups (Q_,T} and ( Q,’:), defined by

(15), such that 0=y, py.
From Lemma 2 and Theorem 4 we obtain

Theorem 5. A permutation 6€ S((J) is an isomorphism between
isotopes ((),*) and ((Q,c) defined by (14), if and only if there exist
se and 8, € Aut(Q,) such that 8=v]'R8,y and relations

ay” =0;'R'Ra.y, R8O, .
By ' =0;'R;'LBY;'RS,. - (18)
(07 RO )5 By, 'RBe) ' = 1,
hold, with d = (o,y;'R8, )" s, b=s-B,y;'R8,e)", [=vyal, e=vyB"l,
where 1 is the unit of the group (Q)).
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If in Theorem 5 the quasigroup ({J,*) is replaced by (0,9},

then we obtain the following

Corollary 1. A permutation 6 € S{(Q) is an automorphism of the
isotope (Q,0) xoy =vylox-By), aByeSQ), x,yeQ of a group ({),)
if and only if there exist se( and 0, € Aut(Q,;) such that
8=y"'RB,y and relations (16} hold for o, =a, B, =B, y, =Y.

We will adapt some of the above results for right loops
principal isotopic to the same group.

Let ({J;) be a group with the unit 1 and a principal isotope

(Q.*)xty=oxBy, o.B,eSQ), xyeQ
be a right loop with the unit ¢. Then we have
x =x*e = ox-fe
for all x e @, from which it follows that
a=K

(fey*-
Therefore
- _ S
ory=Ro xBy=x(Be) Py=x-L By
Let us consider the isotope
(Q,0) xop=x. L(pﬂ).,BL‘,y, x,ye Q.
We note that
L(ﬂe)“BL*-‘l =,
ie. ((),°) is a right loop with the unit 1. The right loop (Q,?) is
isomorphic to the right loop ({J,*), since
L(xey)y=1,(x- Ly BLyy=Lx L, BLy=Lx+Ly.

From this equality and Theorem 1 we have
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Isomorphisms of quasigroups isotopic to groups

Proposition 1. Every right loop which is isotopic to a group
(Q,) with the unit 1 is isomorphic to a right loop
(Qp) xoy=x-ay, a,€S(0), x,ye(

with the same unit 1.

The following statement is a direct corollary from Theorem 5.

Proposition 2. A permutation ©0¢c S(Q)) 1is an isomorphism
between right loops
Q%) x*ry=x-oy, ae$(Q), x,ye{)
and
Qo) xoy=x-Py, e S(Q), x,ye
if and only if 0€ Aut(Q,) and a=67'ps.

Corollary 2. For a right loop
(2.%) x*y=x-ay, ae (), x.y e,
which is isotopic to a group (Q, ) with the unit 1 the equalities
Aut(Q,*y=Z np 40} = {0 € Aut(Q, )| pa = oo}
hold.

Proof. The statement follows from Proposition 2 replacing

(@) by (O.*). r

Corollary 3. For a right loop
(Q‘J*): x*y::JC-(ly, (X'ESI(Q)a X,yEQ
which is isotopic to a group (Q,) with the unit 1 we have

Aut(Q,*)= {g},
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provided that
o & Zg oy Aut(Q N = {w e SIQ) [wo = ow, ¢ € Aut((. ).

Proof. It follows directly from Corollary 2. B

Corollary 4. For a right loop
(O*) xry=x-ay, ac §{Q), x,yc
which s isotopic to a group (Q,) with the unit 1 we have
Aut(Q,* )= Aut(Q,),
provided that
a € Zg o) {Aut(0.)} = {y e S | vo = oy, @ € dw(Q.)}.

Proof. It fallows from Corollary 2.

3. Automorphisms of a T-quasigroup

We will use Corollary 1 to describe automorphisms of a
T-quasigroup.
We recall that a T-quasigroup (Q,*) is an isotope
x*y:r(px+wy+g-—.:(px+Rgxpy (17)
of an abelian group (Q+), where o, we Aut(Q+), ge(
Rx=x+g [2]
Let 0 be the zero in ((J,+). Then, by Corollary 1 a permutation
8e S((2) is an automorphism of the quasigroup (17) if and only if
there exist se () and 9, € Aur(()+) such that 0= R0, and relations
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Isomorphisms of quasigroups isotopic to groups

0=6;'R'R0R 0,
Rw=65"R;' IR WR6,,

——cps+s—ngRg90\u_'(*g)r 0, {18)
b5~ RayRByw ' (—g).
d=~@s+s.

hold.

Here w’l(—g) is a solution of the equation Ryyx=0. Relations
(18) can be simplified.

The first equality of (18) can be written as follows:

0= 07 RIRQRBy = 07 R Ry Ros08 =
- 9_1R5~tps+s+(puq)90 =0 l(pe{)-
Further we have
b= 5~ RawRBow ' (—8) =5~ Ry (yBoy ™ (~g)+ys) =
=5+ yBoy " (~g) = s g,
-1 p-1 —
ng = 90 Rs Lb Rg \'I”RSOO = 9()1R~.vaRg / {VS\UBO =
i -1 -1
= 80 ]Ls+b+g+tps\peo ~ eﬂ RWOW-'I(g)WGO - eﬂ \UGOR\IJNI(},')'
Therefore
—1 _ ~1 — _ -
9{) l]fe() —-Rg\URw_i(g) —-Rg WR\V_I(-g} = RgR__g\V = Y,
ie. wd, =0,y Consequently 8, is an element of the centralizer
C= Z.4rrl(Q,+){(pv )
of automorphisms ¢ and vy in the group Auwi((),+). Granting this
we obtain
0=~@s+5— RYROW ' (~8)=~@s+5— R R, wBu ™' (-g) =
=—-ps+5+Q)g - ys— g,

from which the equality
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OS+yYs—-s=0,g—g
holds.
Conversely, for 8, and s<( such that
ps+ys—s=8g - g
we find
ROy (x* y)= RBy(ox+wy + &)= R(8y0x +Byuy + 6,g) =
= @Bpx +yOyy +0pg + 5 =@Opx +yOpy +os+ ys+ g =
= 0(8yx +5)+ WOy ++5)+ g = ORByx + yRByy + g =
= ROyx* ROy

Thus we have proved the following

Proposition 3. A permutation 8¢ $(QJ) is an automorphism of
a T-quasigroup (17) if and only if there cxist s (Q and
8 € C=Zug.1)i0, W} = o € Aut(Q+)| o = oo, ay=ya},
such that 0=R0, and o@s+ys—-s=0,g—g.

In some cases the automorphism group of the T-quasigroup (17)
can be described.

Let us denote

N={seQ|os+ys—s=0},
Ry ={R,|ne N},
Ay=18y € C=Zyyn0.)10, W} [6g = g}

It is easy to see that (N, +) 1is a subgroup of (Q,+). From
Proposition 3 it follows that 4, and Ry are subgroups of Awf((Q,*)
and 4, is a subgroup of Aw/(Q+). Since

0=0,0=0,(0s+ys—5)= 005+ yBys — 0,5
and

0=0;'0=0;'"(ps+ys—s5)= 0855+ yB;'s - 6;ls
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for 8, eC and se N, then we get ;N =N, where
Oy N = {Oyn|n e N}.
Let
RO, € Aut(Q,*), se(, 0y¢e Au(Q+), nelN.
Then
ROR, = RsReoneo = R()On RO,

So, CIRN(I-IC_ZR;V for every o€ Aut((),*¥), hence Ry, is a
normal subgroup of Auwt(Q,*).

It is evident that a permutation K. is an automorphism of the
group (Q,+) if and only if ¢=0, eg. R. is the identical
permutation €. Therefore Ry "A4,={e} and a semidirect product
Ry x A, is a subgroup of Aut((),*). Also we have Aui(Q,*)=R, xC if
g=0.

So we have proved the following

Proposition 4. Let (Q.+) be an abelian group with zero 0, and
OQ®) x®y=x+yy, 0,y e dui(Q+), x,ye 0
be 2 T-quasigroup. Then
Aut(Q @)= Ry xC,
where

C= ZAH!(Q.+){(D: v,
Ry ={R 1se€ Q, os+wys=0}.

We note that medial quasigroups that contain at Jleast one

idempotent [3] and transitive distributive quasigroups {4] satisfy

Proposition 4.
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4, Examples

In the following example the efficiency of Theorem 5 and
Corollary 1 is visually demonstrated.
Let ((J);)=(h be the infinite cyclic group which is generated

by an element g, a=(h"""?) be the transposition of element:

-2

#' and & (e, ahD=82 ah®)=h"' ax)=x foreve

xeQ, Wlzxzh™, o,=(hh*) be the transposition of element

h and #°, I be the permutation of (Q;) defined by Jr=x""
Consider isotopes

(Op): xey=oux-ly, x,ye(,

(0% xry=orly, xyeQ

We will prove that ((,*) and ({,°) are isomorphic.

Remark that in this case elements f and e from the
Theorem 5 are equal to the unit 1 of the group (Q.), whence the
third relation of (16) is equivalent to the equality

(o) s(Is) ™ =1,
Element 1 and h and only they satisfy the above equality. Itl is also
known that Awi(Q;)=1{e,]}. By Theorem 5 permutations
Re=¢, Ri=1, Rg=K, R,J and only they can be isomorphisms
between (Q,*) and (Q,°). Let us verify the first two conditions of
(16) for s=1 and 6,=/. We have d=1, #=1and foy/=a, =11 The
validity of the equality [o,f = a is verified directly and the equality

I=]JI is trivial. Hence [ is an isomorphism between ((,*) and

(an)’
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Now we will find Awt(Q,c). As above we can show that
permutations Re=¢, RI=1, Rg=R,, R,/ and only they can be
sutomorphisms of ((J,o). The identical permutation is automorphism
- in every algebraic system. It is easy to see nevertheless that Rg

satisfies Corollary 1. As it was shown above Jo,/=a #a, then

I'¢ Aut(()0).

For R we obtain

2

b=hIny ' '=hh=H d=@h) " h=p"h=h" o +R'RoyR,
since
R_R_oyRh=R_\R o’ =R R _h=
=R 1=h"zoyh=h’
So, R, ¢ Aut((),»). For R,/ we have
d=( R h=(h) " h=h"h=1
and
IR;'R ey Ryd = IR, ,ai Ry ] %0,
since
IR 2oy RyIH = IR oy Ryh™ = IR Leh™ =
=IR ;b =1’ =k =h=o,h’,
e, R I¢ Autl(Q,°). Therefore
Aut(Q,o)= {e}.
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